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AUTOMORPHISM GROUPS OF CONFIGURATION SPACES AND 

DISCRIMINANT VARIETIES 


VLADIMIR LIN AND MIKHAIL ZAIDENBERG 

Abstract. The configuration space C"(A) of an algebraic curve X is the algebraic 
variety consisting of all n-point subsets Q G X. We describe the automorphisms 
of C”(C), deduce that the (infinite dimensional) group AutC"(C) is solvable, and 
obtain an analog of the Mostow decomposition in this group. The Lie algebra and 
the Makar-Limanov invariant of C"(C) are also computed. We obtain similar results 
for the level hypersurfaces of the discriminant, including its singular zero level. 

This is an extended version of our paper [39]. We strengthened the results con¬ 
cerning the automorphism groups of cylinders over rigid bases, replacing the rigidity 
assumption by the weaker assumption of tightness. We also added alternative proofs 
of two auxiliary results cited in [39] and due to Zinde and to the first author. This 
allowed us to provide the optimal dimension bounds in our theorems. 


1. Introduction 

Let X be an irreducible smooth algebraic curve over the held C. The nth configu¬ 
ration space C"'(X) of A is a smooth affine algebraic variety of dimension n consisting 
of all n-point subsets Q = {qi ,..., C X with distinct gi,..., Qn- We would like to 
study its biregular automorphisms and the structure of the group AutC"'(A). 

For a hyperbolic curve X the group Aut C” {X) is hnite (possibly, trivial for a generic 
curve). We are interested in the case where X is non-hyperbolic, i.e., one of the 
curves C, = Pj^, C* = C \ {0}, and an elliptic curve. In the latter two cases the 
groups AutC"'(A) were described in [51] and [15], respectively. Here we investigate 
automorphisms of the conhguration space C” = C"’(C) and of some related spaces. 
Our central results are Theorems 1.1 and 1.2; see also Theorems 3.13, 4.4, 4.5, and 
Corollary 4.2. Let us hrst introduce some conventions and a portion of notation. 

All varieties in this paper are algebraic varieties dehned over^ C and reduced; in 
general, irreducibility is not required. Morphism means a regular morphism of varieties. 

A part of this paper was done during the stay of the second author at the Max Planck Institute for 
Mathematics in Bonn, Germany and in the Technion, Haifa, Israel. The second author thanks these 
institutions for their hospitality, excellent working conditions, and support. 

2010 Mathematics Subject Classification: 14R20,32M17. 

Key words: affine variety, automorphism group, configuration space, cylinder, discriminant. 

^However, all general results remain valid over any algebraically closed field of characteristic zero. 
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The same applies to the terms automorphism and endomorphism. The actions of 
algebraic groups are assumed to be regular. We use the standard notation 0{Z), 
0^(Z), and 0^{Z) for the algebra of all regular functions on a variety Z, the additive 


group of this algebra, and its group of invertible elements, respectively. 

For z e C”, let dn{z) denote the discriminant of the monic polynomial 

z) = + ZiX"" ^ + . . . + , Z = (zi, ..., Zn) G C"' = C^^,) • (1) 

If dn{z) 7 ^ 0 and Q C C is the set of all roots of Pn{-,z), then Q E and 

D„(Q)= n («'- ■ (2) 

{9',9"}CQ 

Denoting by P"' the space of all polynomials (1) with simple roots, we have the natural 
identihcation 

C- = {gcC| #Q = n}^P" = q,)\E-\ gyAz=(^i,...,^g, (3) 

where ^ the discriminant variety is dehned by 

^ {z G C" I dn{z) = 0} . (4) 

For n > 2, we describe the automorphisms of the conhguration space C”, the discrimi¬ 
nant variety and the special configuration space 

^cn-l M {g G C" I Dn{Q) = 1} = e C" I dn{z) = 1} . (5) 


This leads to structure theorems for the automorphism groups AutC”, Ant SC"' and 
AutS"-F 

The varieties C" and YZ’~^ can be viewed as the complementary to each other parts 
of the symmetric power Sym”C = C"'/S(n), where S(n) is the symmetric group per¬ 
muting the coordinates qi, ...,qn in C” = We have the natural morphisms 

p: ^Sym^C^C^^), A"-^ ^ and \ A"-^ ^ C" , (6) 

where = IJ {O' = G | q^ = qj} is the big diagonal. The points z G 

Y^n-i one-to-one correspondence with unordered n-term multisets (or corteges) 

g = {gi,..., g„}, qi G C, with at least one repetition. 

The barycenter bc(g) of a point Q G Sym"' C = C” U is dehned as 

bc(g) = - ^ g = -zi/n 

n ^^ 

q&Q 

^The upper index will usually mean the dimension of the variety. 


( 7 ) 



AUTOMORPHISM GROUPS OF CONFIGURATION SPACES 


3 


(if Q is a multiset, the summation takes into account multiplicities). The balanced 
configuration space C is dehned by 

= {Qer I bc(g) = 0}. (8) 

One dehnes similarly balanced hypersurfaces C and C E”-‘ (see 

also Notation 2.19). 

Our main results related to automorphisms of C” are the following two theorems (for 
more general results see Theorems 3.13, 4.4, 4.5, and Corollary 4.2). 

Theorem 1.1. Assume that n> 2. A map F: C"" ^ is an automorphism if and 
only if it is of the form 

F{Q) = s ■ 7r{Q) + A{7r{Q))hc{Q) for any Q e C” , (9) 

where ti{Q) = Q — bc(g), s G C*, and A: —)■ Aff £, is a regular map. 

Theorem 1.2. If n > 2, then the following hold. 

(a) The group AutC"' is solvable. More precisely, it is a semi-direct product 

Ante" = X (C*)2) X z. 

(b) Any finite subgroup T C AutC” is Abelian. 

(c) Any connected algebraic subgroup G o/AutC"' is either Abelian or metabelian of 
rank < 2. ^ 

(d) Any two maximal tori in Ant are conjugated. 

Similar facts are established for and , see loc. cit. 

Let us overview some results of [32, 29, 51, 35, 37, 15, 38] initiated the present paper 
and used in the proofs. Given a smooth irreducible non-hyperbolic algebraic curve X, 
consider the diagonal action of the group AutX on the conhguration space C^(X), 

Ant X 3 A: C^(X) -3 C^(X), Q = {qi, ..., g„} i-A AQ = {Aqi, ..., . (10) 

To any morphism T: C”'(X) —)■ Ant X we assign an endomorphism F^ of C”'(X) dehned 
by 

Ft{Q)=T{Q)Q for all Q G C"(X). (11) 

Such endomorphisms F^ are called tame. A tame endomorphism preserves each 
(AutX)-orbit in C"'{X). For automorphisms, the converse is also true: an automor¬ 
phism of C^{X) preserving each (AutX)-orbit is tame, see Proposition 3.3 and the 
remark following this proposition. In the general case. Tame Map Theorem below 
implies the following: an endomorphism of C”^(X) whose image is not contained in a 


^The rank of an affine algebraic group is the dimension of its maximal tori. 
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single (AutX)-orbit is tame and hence preserves each (Ant X)-orbit. If the image of 
F is contained in a single (Ant X)-orbit, then F is called orbit-like. 

The braid gronp of X, Bn{X) = 7ri(C"'(X)), is non-Abelian for any n > 3. If 
X = C then Bn{X) = A„_i is the Artin braid gronp on n strands. ^ An endomor¬ 
phism F of C^{X) is called non-Abelian if the image of the indnced endomorphism 
F*: 7ri(C"'(X)) —)■ 7ri(C”(X)) is a non-Abelian gronp. Otherwise, F is said to be 
Abelian. Rather nnexpectedly, this evident algebraic dichotomy gives rise to the fol¬ 
lowing analytic one. 

Tame Map Theorem. Let X be a smooth irreducible non-hyperbolic algebraic curve. 
For n > 4 any non-Abelian endomorphism of C"'{X) is tame, whereas any Abelian 
endomorphism ofC^{X) is orbit-like. 

Remarks 1.3. (a) A proof of Tame Map Theorem for X = C is sketched in [32] and 
[33]; a complete proof for X = C or in the analytic category can be fonnd in [35], 
[37], and [38]. For X = C* the theorem is proved in [51] and for elliptic curves in [15]. 
The proofs apply mutatis mutandis in the algebraic setting. We use this theorem to 
describe automorphisms of the balanced spaces and (see Theorems 4.1(a),(c) 
and 7.1); its analytic counterpart is involved in the proof of Theorem 10.2. 

(b) A morphism T : C"'(X) AutX in the tame representation F = Ft is uniquely 
determined by a non-Abelian endomorphism F. Indeed, if Ti{Q)Q = T 2 {Q)Q for 
all Q G C"'(X), then the automorphism [Ti{Q)]~^T 2 {Q) is contained in the Aut(X)- 
stabilizer of Q, which is trivial for general conhgurations Q. Therefore, Ti = T 2 . 

(c) According to Tame Map Theorem and Theorem 1.1, the map F in (9), being an 
automorphism, must be tame. This is indeed the case, with the morphism 

T-.r^ASC, T(g)C = s-(C-bc(Q)) + A(7r(g))bc(g) , ( 12 ) 

where C £ C and Q G C^. 

(d) Let X = C. Then Tame Map Theorem holds also for n = 3, but not for n = 4. 
However, any automorphism of C'^(C) is tame. The automorphism groups of C^(C) = C 
and C^(C) = C* x C are well known, so we assume in the sequel that n > 2. 

Using Tame Map Theorem, Zinde and Feler [loc. cit.] described all automorphisms 
of C”(X) when dime AutX = 1, or more precisely, when X is C* and n > 4, or X is 
an elliptic curve and n > 2. For C and P^, where the automorphism groups Aff C and 
PSL(2, C) have dimension 2 and 3, respectively, the problem becomes more difhcult. 

hn [39] we used the notation Bn for the Artin braid group on n strands. Here we prefer the notation 
A„_i that indicates the place of this group among the Artin-Brieskorn groups of series A. A similar 
notation will be applied to the Artin-Brieskorn groups of other series B, D etc., while WAji_i, WB„, 
etc. stands for the corresponding Coxeter group. 

^The complex Weyl chamber of type B studied in [-51] is isomorphic to C"(C*). 
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The group AutC"' = AutC”(C) is the subject of the present paper; the case X = 
remains open. 

The content of the paper is as follows. In Sections 2 and 3 we propose an abstract 
scheme to study the automorphism groups of cylinders over rigid bases and, more 
generally, of tight cylinders. An irreducible afhne variety X will be called rigid if the 
images of non-constant morphisms C —?■ regA do not cover any Zariski open dense 
subset in the smooth locus regA, i.e., if regA is non-C-uniruled, see Dehnition 2.1. 
Any cylinder A x C over a rigid base A is tight, meaning that its cylinder structure 
over A is unique, see Dehnition 2.2 and Corollary 2.4. 

We show in Section 2.6 that the bases and of cylinders (27) are 

rigid. So, the scheme of Section 2.2 applied to the latter cylinders yields that their 
automorphisms have a triangular form, see (18)-(19). 

For a tight cylinder A x C we describe in Subsection 2.4 the special automorphism 
group SAut(A X C) (see Dehnition 2.13), and in Section 3 the neutral component 
Auto (A" X C) of the group Aut(A x C) and its algebraic subgroups. In Theorem 3.13 
we establish an analog of Theorem 1.2 for such cylinders. Besides, in Sections 2.3- 2.5 
we hnd the locally nilpotent derivations of the algebra 0(X xC) and its Makar-Limanov 
invariant subalgebra. In Section 3.7 we study the Lie algebra Lie (Auto (A x C)). These 
results are used in the subsequent sections in the concrete setting of the varieties C”, 
SC^-\ and E^-L 

Theorems 1.1 and 1.2 are proven in Section 4, see Theorems 4.5 and 4.4, respectively. 
We provide analogs of our main results for the automorphism groups of the special 
conhguration space SC^~^, the discriminant variety and the pair (C”, E"’“^). All 

these groups are solvable; we also hnd presentations of their Lie algebras. In Section 
5 we show that all these groups are centerless and describe their commutator series, 
semisimple and torsion elements. In Section 6 we give a description of the group 
AutC"'(C*) due to Zinde [51]. We provide a new proof based upon Zinde’s analog of 
Artin’s Theorem on the pure braid groups. In Section 7 we apply Zinde’s Theorem 
in order to complete the description of the automorphism group of In Section 

8 we provide an alternative proof of the structure theorem for the group AutC(]j“^, 
which does not refer to Tame Map Theorem. In Section 9 we give a proof of Kaliman’s 
Theorem on the group AutiSCjjj”^ in the exceptional case n = 4, where the original 
proof does not work. We reproduce an example from [33] which shows that the original 
Kaliman’s Theorem on endomorphisms of does not hold in this generality for 

n = 4 (see Example 9.3). Finally, in Section 10, using the analytic counterpart of Tame 
Map Theorem, we obtain its analog for the space (n > 4), describe the proper 
holomorphic self-maps of this space and the group of its biholomorphic automorphisms 
AuthoiCy”^. 
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For the sake of uniformity, we work over the held C. Indeed, this is essential when 
dealing with conhguration spaces, since in this case we employ certain topological 
methods. By contrast, all the results concerning rigid varieties and tight cylinders, 
along with their proofs, remain valid over an arbitrary algebraically closed held of 
characteristic zero. 

This preprint is an extended version of our paper [39]. Sections 2-4 of [39] have been 
modihed so that the results stated in [39] under the rigidity assumption are proven now 
under a weaker assumption of tightness. New Sections 6-9 are devoted to alternative 
proofs of some of the aforementioned results. This allowed to provide the optimal 
dimension bounds in our main theorems. 

The authors thank S. Kaliman for useful discussions concerning Section 2.3, espe¬ 
cially Example 2.9 and Remark 2.10. They are grateful also to N. Ivanov and L. Paris 
for providing useful information concerning diherent generalizations of the classical 
Artin’s theorem on braid groups used in Sections 6 and 8. 

2. Automorphisms of cylinders over rigid bases 

2.1. Triangular automorphisms, (a) Let £ be a category of sets admitting direct 
products X X y oi its objects with the standard projections to X and y being mor- 
phisms. 

Suppose that the automorphism group Aut 3^ of a certain object y is an object in (£ 
satisfying the usual axioms, namely, that the following maps are morphisms: 
the action (Aut y) xy ^ y , (a, y) i—)■ aiy) , 

the multiplication Aut y x Aut y —)■ Aut y j3) j3 o a (13) 

the inversion Aut Aut (V, 

Then for any S G Aut X and any morphism A: X ^ Aut y the map 

F = Fs,a-. X xy ^ X xy, F{x,y) = {Sx,A{x)y) for all {x,y) G A x (14) 

is a morphism in the category C. Moreover, F is an automorphism oi X xy. Indeed, 
given S', S' G Aut X and morphisms A,A'\ X —)■ Aut (V, for the corresponding F, F' 
we have F'F{x,y) = {S'Sx,A'{Sx)A{x)y), whereas the inverse F~^ of F corresponds 
to the couple (S', A'), where S' = S~^ and the morphism A': A —)■ Aut y is dehned by 
A'{x) = (A(S'“^a;))“^ for all x G A. We call such automorphisms F oi X xy triangular 
(with respect to the given product structure). All triangular automorphisms form a 
subgroup Aut A (A” x 3^) C Aut (A x 3^). 

(b) Suppose that an object 3^ G (S satishes the conditions in (a). Then Mor(A, Aut 3^) 
with the pointwise multiplication of morphisms can be embedded in Aut a (A x 3^) 
as a normal subgroup consisting of all F of the form F{x,y) = {x,A{x)y), A G 
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Mor(A’, Aut 3^). The corresponding quotient group is isomorphic to Ant A, and we 
have the semi-direct product decomposition 

AutA(A’X 3^) = Mor(A,Aut3^) X Ant A. (15) 

The second factor acts by conjugation on the hrst via S.A = Ao S~^, where S G Ant A 
and A G Mor(A, Ant A’). 

2.2. Automorphisms of tight cylinders. We are interested in the case where € is 
the category of complex algebraic varieties and their morphisms, and 3^ = C. Thus, in 
the sequel we deal with cylinders A x C. Since Ant y = Aff C G the conditions (13) 
are fulhlled. In fact, we deal mainly with affine varieties; moreover, in all our results 
these varieties are assumed to be irreducible. 

Let us introduce the following notions. 

Definition 2.1. An irreducible variety A is called C-uniruled if for some variety V 
there is a dominant morphism V x C —)■ A non-constant on a general ruling {n} x C, 
n G V ([27, Dehnition 5.2 and Proposition 5.1]). We say that A is rigid if its smooth 
locus reg A is non-C-uniruled. For such A, the variety A x C is said to be the cylinder 
over a rigid base. 


Definition 2.2. For an irreducible A, we call the cylinder A x C tight if its cylinder 
structure over A is unique, that is, if for any automorphism F G Ant (A x C) there is 
a (unique) automorphism S G Ant A that hts in the commutative diagram 

A X C —^ A X C 


Pri 


PU 


(16) 


A’ -2-. A’ 

Thus, A X C is tight if and only if every F G Ant (A x C) is triangular, so that 

Aut(A X C) = AutA(A X C). (17) 

For a cylinder A x C formula (14) takes the form 

F{x, y) = {Sx, A{x)y) = {Sx, ay + b) for any (x, |/) G A x C (18) 

with a G 0^{X) and b G C>+(A). If A x C is tight, then, by (17) and (18), we have 

Aut(AxC) ^ Mor(A,AffC)xAut A and Mor (A, Aff C) ^ C>+(A) x (A), (19) 

where 0^{X) acts on C>+(A) by multiplication 6 i-^ afe for a G 0^{X) and b G 0+{X). 
The group Ant (A x C) of a tight cylinder is solvable as long as Ant A is. 


Thus the tightness is an important property. In Theorem 2.18 we give several useful 
criteria of tightness. 
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Definition 2.3. One says that a variety X possesses the strong cancellation property 
if for any m > 0, any variety y, and any isomorphism F: X x C™ y x C™ there 
is an isomorphism S: X y that hts in the commntative diagram 

X xc^ —^ yxc^ 


Pri 


Pri 




s 


y 


( 20 ) 


Drylo’s Theorem I ([11, (I)]). The strong cancellation holds for any rigid affine 
variety. 


For the reader’s convenience, we provide a short argnment for the next corollary. 

Corollary 2.4. If X is rigid, then X x C is tight, i.e., Aut(A’ x C) = AntA(A’ x C). 

Proof. Let us show that any F G Ant (A x C) sends the rulings {x} x C into rulings. 
Then the same holds for F~^, and so S' = pr;^ o F’|;^^x{o} ^ Ant X hts in diagram (16). 

Assuming the contrary, we consider the family {F({x} x C)}x£regX- Projecting it to 
reg X we get a contradiction with the rigidity assumption. □ 

Definition 2.5. We say that the strong 1-cancellation holds for X if one has diagram 
(20) with m = 1. 

Clearly, the strong 1-cancellation property implies the tightness. The converse is 
also true, see Proposition 2.8. 

Remark 2.6. The tightness of the cylinder A x C does not imply the rigidity of A, 
in general. Indeed, there are examples of non-rigid smooth, affine surfaces A with a 
tight cylinder A x C, cf., e.g., [5, Example 3] and Theorem 2.18. 

2.3. C+-actions and LND’s on tight cylinders. In this subsection we propose 
several criteria of tightness. Let us recall the necessary notions. 

Definition 2.7. A derivation d of a ring A is locally nilpotent if d”a = 0 for any a G A 
and for some n G N depending on a. For any / G herd the derivation fd G DerA is 
again locally nilpotent; it is called a replica of d (see [3]). We let LND(A) denote the 
set of all nonzero locally nilpotent derivations of A. 

Let A be an affine variety. For any d G LND((P(A)) the correspondence C+ 9 f i-A 
exp{td) G Ant A dehnes a unipotent one-parameter group of automorphisms of A, or, 
in other words, an effective C+-action on A. In fact, any C+-action on A arises in this 
way (see e.g., [19]). 

Proposition 2.8. (a) If the cylinder X x <C is tight, then X does not admit any 

nontrivial C+-action, i.e., LND(C>(A)) = 0. 
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(b) The cylinder X x C is tight if and only if the strong 1-cancellation holds for X. 

Proof, (a) Assume to the contrary that A x C is tight, while there is a nontrivial 
C+-action t ha exp(td) on A, where d G LND(0(A’). The induced C+-action on the 
cylinder X x C has the same inhnitesimal generator d, regarded this time as a locally 
nilpotent derivation of the algebra 0{X)[u] with du = 0. The derivation di = ud is 
again locally nilpotent. The associated vector held on A x C vanishes on the section 
X X {0}. Hence the induced C+-action t ha exp(tc?i) G Ant {X x C) hxes each point 
Qo G X X {0}, and moves a general point Qi G A” x C in the horizontal direction. 
Taking the points Qo and Qi on the same ruling {q} x C, where g G A is general, we 
see that their images under the automorphism a = exp{di) do not belong any longer 
to the same ruling. It follows that a G Aut(A x C) is not triangular. Therefore, the 
cylinder A x C cannot be tight, a contradiction. 

(b) Clearly, the strong 1-cancellation property implies tightness. To prove the con¬ 
verse, suppose that the strong 1-cancellation fails for A, i.e., that A x C ~ A’ x C, 
where the rulings of these cylinders are different. Let us show that in this case A x C 
cannot be tight. 

Indeed, assume to the contrary that A x C is tight. Let r' be the free C+-action on 
A X C ~ 3^ X C via the shifts along the rulings of the cylinder 3^ x C. Since A x C is 
tight, this action is triangular, and so, it induces a C+-action on A. The latter action 
is non-trivial, since otherwise the both families of rulings would be the same. By (a), 
this implies that A x C is not tight, a contradiction. □ 

Example 2.9. Let A be the surface given in by equation x"'y = p{x,z), where 
n E N, p E C[a;, y], and p(0, z) ^ 0. Then A admits a nontrivial C+-action t ha exp{td), 
where d = {dp/dz)d/dy -Ex^d/dz. Hence by Proposition 2.8(a) the cylinder A x C is 
not tight. 

This applies, in particular, to the Danielewski surfaces A„ = {x'^y — 2 ;^ -|- 1 = 0} in 
C^, n G N. By Danielewski’s Theorem [10], the cylinders A„ x C are all isomorphic, 
whereas, according to Fieseler [16], A„ is not even homeomorphic to A^ for n ^ m. 
Thus these surfaces provide counterexamples to cancellation®. In addition, the cylinders 
over the Danielewski surfaces are not tight. 

To make the latter example more explicit, take two points Qq = (g, 0) and Qi = (g, 1) 
on the same ruling {g} x C of the cylinder A„ x C, where g = (0, 0,1) G A„. Letting 
d = 2zd/dy + x'^d/dz G LND(C[a;, |/, 2 ;]), we consider the locally nilpotent derivation 
di = ud of the algebra C[a;, y, z, u]. Since d{x"'y — z‘^ + l) = 0, the derivation di descends 
to a locally nilpotent derivation of the quotient C[a:, y, z, u]/{x^y — z'^ + l) ~ C>(A„ x C). 
The triangular automorphism 

a = exp((9i) G Ant {x, y, z, u) ha {x,y + 2zu + x^u'^, z + x"'u, u ), 

®See e.g., [28] for further examples of non-cancellation. 
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preserves the hypersurface {x'^y — z^ + 1 = 0} ~ x C in C^. This action hxes Qo and 
sends Qi to a{Qi) = (0, 2,1,1), so that the points a{Qo) and a{Qi) do not belong any 
more to the same ruling of the cylinder. Therefore, a G Aut(T’ji x C) \ AutA(T’ji x C). 

Remark 2.10. By Theorem 3.1 in [4], the surface Xi is flexible, i.e., the tangent vectors 
to the orbits of the C+-actions on Xi generate the tangent space at any point of Xi. It 
follows that the cylinder Ai x C is also flexible. By Theorem 0.1 in [3], the flexibility 
implies the /c-transitivity of the automorphism group Aut(Ai x C) for any k > 1. In 
particular, for any n > 1, there are automorphisms of the cylinder A„ x C = Ai x C 
that do not preserve the cylinder structure, and so send it to another such structure 
over the same base A^. This shows again that none of the cylinders A„ x C is tight. 

We call the rulings of a cylinder A x C the hbers of the hrst projection pr^: A x C —)■ 
A. These are the orbits of the ‘vertical’ free C+-action r on A x C via translations along 
the second factor. In addition to the criterion of tightness in Proposition 2.8(b), we 
have the following one. Consider the locally nilpotent derivation d/dy on the algebra 
0{X X C) = 0{X)[y] with the phase flow {x,y) i-A {x,y + tx). Its replica h{x)d/dy, 
where b G 0(X), has the phase flow (x,y) i—^(x,y + tb(x)). 

Proposition 2.11. The cylinder A x C zs tight if and only if any C+-action on this 
cylinder preserves each ruling, i.e., is of the form {x,y) i-A {x,y + tb{x)), where b G 

C>(A). 

Proof. Suppose hrst that the cylinder A x C is not tight, and so, admits a second, 
different cylinder structure with a different family of rulings. Then the induced en¬ 
action, say, r' on A X C has different orbits, and so, does not preserve the rulings of 
the original cylinder. 

Conversely, suppose that the cylinder A x C is tight. Consider a C+-action y? on 
this cylinder. Since if is triangular, it induces a C+-action, say, -0 on A. Assuming to 
the contrary that f is not vertical, i.e., does not preserve the rulings {x} x C, x G A, 
the action is nontrivial. By Proposition 2.8(a), the cylinder A x C cannot be tight, 
a contradiction. □ 

Let us show further that an arbitrary locally nilpotent derivation on a tight cylinder 
is a replica of the derivation d/dy. 

Proposition 2.12. //A X C is tight then any d G LND(C1(A x C)) is a replica of the 
derivation d/dy, i.e., 

d = fd/dy, where f G C>’’(A x C) = pr^(C>(A)) = kei d/dy. 
Conseguently, any C+-action on X x C is of the form 

{x,y) {x,y + tb{x)), where tGC and b E 0{X). 
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Proof. Indeed, both d and d/dy can be viewed as regular vector fields on X x C, 
where the latter field is non-vanishing. By Proposition 2.11, these vector fields are 
proportional. That is, there exists a function / G 0'^(X x C) such that d = fd/dy, 
which proves the first assertion. Now the second follows. □ 

2.4. The group SAut(A’ x C). 

Definition 2.13. Let Z be an irreducible algebraic variety. A subgroup G C Aut^ is 
called algebraic if it admits a structure of an algebraic group such that the natural map 
G X Z ^ Z IS a. morphism. The special automorphism group SAut Z is the subgroup 
of Ant Z generated by all the algebraic subgroups of Ant Z isomorphic to C+ (see e.g. 
[3]). Clearly, SAut Z is a normal subgroup of Ant Z. 

Assume that X is tight. Due to (19) we have the decomposition 

Aut(A X C) = (0+(A) X 0 ^{ X )) X Aut A. (21) 

In the next corollary we show that the group SAut (A x C) corresponds to the factor 
C>+(A) in (21). 

Proposition 2.14. If the cylinder X xC is tight, then G = SAut(A x C) is an Abelian 
group with Lie algebra'^ 

L = LieG = Ol{X X C)d/dy = 0+{X)d/dy. 

Furthermore, the exponential map exp : L ^ G yields an isomorphism of groups 

0+{X) ^ SAut(A X C). 

Proof. This follows easily from Proposition 2.12. □ 

From Proposition 2.11 we deduce such a corollary. 

Corollary 2.15. The cylinder X x C is tight if and only if the orbits of the group 
SAut(A X C) are the rulings of this cylinder. 

2.5. The Makar-Limanov invariant of a cylinder. The subalgebra of r-invariants 
0'^{X X C) C 0{X X C) admits yet another interpretation. 

Definition 2.16. Let Z be an affine algebraic variety over C. The ring of invariants 
is called the Makar-Limanov invariant of Z and is denoted by ML(^). 
This ring is invariant under the induced action of the group Ant Z on 0{Z). 

Consider a locally nilpotent derivation d G LND((P(^)) and the corresponding 
unipotent one-parameter algebraic group H = exp(Cd) C Aut^. We have 0{Z)^ = 
ker d and so 

ML{Z)= Pi ker a. (22) 

deLm{o{z)) 

^See §3.7. 
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Since the SAut(A’ x C)-invariant functions are exactly the functions constant on each 
ruling of the cylinder, the next corollary is immediate from Corollary 2.15. 

Corollary 2.17. The cylinder A x C over an affine variety X is tight if and only if 

ML{X X C) = 0^{X X C) = 0{X). (23) 

It is worthwhile mentioning the following related result. 

Drylo’s Theorem II ([12]). Let X and y be irreducible affine varieties over an 
algebraically closed held k. If X is rigid, then ML(T x 3^) = 0{X) ( 8 )^ ML(3^). 

There is a stronger statement in the case where y is the affine line. 

Bandman, Makar-Limanov, and Crachiola’s Theorem ([5, Lemma 2], [ 8 , The¬ 
orem 3.1]). Let X be an affine variety over an arbitrary field k. //ML(T) = 0{X), 
then the equality ML{X x K\) = 0{X) holds. 

Summarizing several previous results, we can deduce the following tightness criteria®. 

Theorem 2.18. For an affine variety X, the following conditions are equivalent: 

(i) the cylinder X x C is tight, i.e., Aut(A’ x C) = AutA(A’ x C); 

(ii) the strong 1-cancellation holds for X; 

(iii) any Ga-action on X x C is of the form (x, y) i-A {x,y + tb{x)), where t E C and 
b G 0{X); 

(iv) any d G LND(C>(A’ x C)) is of the form d = h{x)d/dy, where b G 0{X); 

(v) the orbits of the group SAut(A’ x C) are the rulings of this cylinder; 

(vi) ML{X X C) = 0{X); 

(vii) ML(A) = 0{X), i.e., LND(C>(A)) = 0 . 

Proof. Equivalences (i)-v^(ii), (i)y^(iii), (i)-v^(v), and (i)y^(vi) are established in Propo¬ 
sitions 2.8 and 2.11 and Corollaries 2.15 and 2.17, respectively. Equivalence (iii)<t^(iv) 
is easy, and implication (i)^(iv) follows from Proposition 2.12. Thus the conditions 
(i)-(vi) are all equivalent. Implication (vii)^(vi) follows from the Bandman-Makar- 
Limanov-Crachio la Theorem. To show (vi)^(vii) suppose that ML(A’) 7 ^ 0{X). Then 
LND((P(A’)) 7 ^ 0 , and so, there is a nontrivial C+-action on X. It follows by Propo¬ 
sition 2.8(a) that the cylinder X x G admits a non-triangular automorphism. Then 
it possesses a second cylinder structure (over the same base X). Let d be the locally 
nilpotent derivation oi 0{X x C) generating the one-parameter group of shifts along 
the rulings of the new cylinder. The kernel ker d is different from 0'^{X x C). Hence the 
intersection ML (A x C) of the kernels of the locally nilpotent derivations on 0{X x C) 

®As we already mentioned, these criteria remain valid over any algebraically closed field k of zero 
characteristic. 
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is strictly smaller than x C), that is, ML (A" x C) 7 ^ 0'^{X x C) (see (22)). This 

provides (vi)^(vii). □ 

2.6. Configuration spaces and discriminant levels as cylinders over rigid 
bases. In Proposition 2.21 we show that the bases and of the 

cylinders (27) possess a property, which implies the rigidity. Therefore, all automor¬ 
phisms of these cylinders are triangular (Corollary 2.22). The latter applies as well 
to the hypersurfaces Dn{Q) = c 7 ^ 0. Indeed, since Dn is homogeneous, any such 
hypersurface is isomorphic to SC^~^. 

Notation 2.19. For any X and any n G N, let denote the ordered configuration 

space of X, i.e., C^j.^{X) = {{qi, ...,qn) £ \ qi 7 ^ qj for all i 7 ^ j}. The symmetric 

group S(n) acts freely on C^j.fiX) permuting the coordinates qi,...,qn. By definition, 
CUX)/S{n)=C-{X). We let 

^ord = ^ord(C) and CordRlc = {Q = •••) Qn} ^ C^d I Ql + ■ ■ ■ + Qn = 0} ■ 

Clearly C”j.jj/S(n) = C"" (see (3)) and . The variety C" and the 

discriminant variety 

= {zee'll dn{z) = 0} 

(see (4)) can be viewed as complementary to each other parts of the symmetric power 
Sym^C = C”gj/S(n). We have the quotient morphisms 

p: Sym” C = ^ , and \ C” , (24) 

where = U{? = G C” | g* = qj} is the big diagonal. The points 2 ; G 

Yn-i one-to-one correspondence with unordered n-term multisets (or corteges) 

Q = {gi,..., g„}, qi G C, with at least one repetition. 

Let Z be one of the varieties C"’, or YX~^. The corresponding balanced vaiietj 

Zuc <Z Z is defined by 

Xhic = {Q e Z \ bc(Q) = 0} , dime Z^c = dime Z - 1 (25) 

(cf. ( 8 )). The free regular C+-action r on C" defined by = Q+C = {?i+C) •••) 7 'n+C} 
for C G C and Q G C" preserves Z. The orbit map of r gives the morphism 

tt: Z ^ Z^oic Q Q° = Q— hc{Q), and tt': Q i-A bc(Q) (26) 

with all fibers reduced and isomorphic to C. The corresponding cylindrical direct 
decomposition Z = Z\^\c x C leads to decompositions of our varieties 

C” = X C , X C , and E”"^ = E;)-^ x C , (27) 

which play an important part in what follows. 
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Note that the regular part reg of the discriminant variety consists of all 
the unordered n-multisets Q = {gi,g„_ 2 , u, u} C C with qi ^ qj for i ^ j and 
qi ^ u for all i. Since the hyperplane gi + ... + g„ = 0 is transversal to each of the 
hyperplanes qi = qj, the regular part regE[Ji“^ of Ey“^ consists of all the multisets 

n—2 

Q = {^ 1 ) as above that satisfy the additional condition ^ + 2 m = 0. 

i=l 

In the proofs of Proposition 2.21 and Theorem 7.1 we need the following lemma. 

Lemma 2.20. For n > 2 the regular part regEJJj”^ of E^”^ is isomorphic to the 
configuration space C"'“^(C*). Consequently, Aut(reg = AutC”“^(C*). 

Proof. An isomorphism regE^”^ = does exist since both these varieties are 

cross-sections of the standard C+-action r on the cylinder reg E”"^ = (reg x C 

(see (27)). To construct such an isomorphism explicitly, for any 

^ n—2 

Q = {^1, •••, qn- 2 , U, u} e reg , where u = --'^qi, 

i=l 

we let Q = {gi — u ,..., g „_2 — u}. Then Q e C”“^(C*), and we have an epimorphism 

gp; regE^i;2^C”-2(e), ^{Q) = Q. (28) 

To show that ip is an isomorphism, for any Q' = {q [,..., g(j_ 2 } G take 

^ n—2 

v = -^g' and Q" = {q[ +v, ...,q '^_2 +v,v,v} ] 

i=l 

note that v = u for Q' = Q as above. Then Q" G reg E^j”^ and the morphism 

^ reg E^^^^ , i^(Q') = Q" , (29) 

is the inverse oi ip. □ 

Proposition 2.21. For n > 2, let X be one of the varieties or E^”^. 

Then any morphism C —)■ reg A is constant. In particular, these varieties are rigid, 
and the cylinders x C, x C, and E[(j“^ x C in (27) are tight. 

Proof. Let us show hrst that any morphism / :€—?■ is constant. Consider the 
unramihed S(n)-covering p: —?■ By the monodromy theorem / can be 

lifted to a morphism g = {gi,..., gn): C —)■ For any i ^ j the regular function 

9i ~ hi on C does not vanish, hence is constant. In particular, g* = gi -f Cj, where 

n n 

Cj G C, i = 1,..., n, and so, 0 = ^ g* = ngi + c, where c = ^ c*. Thus, gi = const, so 

i=l i=l 

Qi = const for alH = 1,..., n. Hence / = const, and the variety is rigid. 

Since C , any morphism C —?■ is constant and is rigid. 
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It remains to show that any morphism C reg is constant. For n = 3 we have 
regSy“^ = C*, hence the claim follows. 

For n > 4, by Lemma 2.20, it suffices to show that any morphism / : C —)■ 
is constant. By monodromy theorem / admits a lift g: C ^ C to 

the unramihed S(n — 2)-covering —?■ C"'“^(C*). This implies that both g and 

/ are constant, since any morphism C —?■ C* is. □ 

Using Corollary 2.4 and Proposition 2.21, we can deduce such a corollary. 

Corollary 2.22. For n > 2, all automorphisms of the cylinders 

r ^ X C, Sr-^ ^ X C, and x C 

are triangular, and (17)-(19) hold for the corresponding automorphism groups. 

3. The automorphism groups of tight cylinders 

3.1. The structure of the orbits. Let r stands as before for the standard en¬ 
action on df X C by shifts along the second factor, and let U = exp(Ccl/cli/) be the 
corresponding one-parameter unipotent subgroup of SAut (A x C). Consider also the 
subgroup B = U ■ Aut A = U x Aut X of Aut (A x C), and let Bq = U yi Auto A” be 
its neutral component. 

More generally, given a character y of Aut A (of Auto A, respectively) we let 

B{x) = {e G Aut (A X C) I F : {x, y) i-A {Sx, x{S)y + b), S & Aut A, & G C} , 

and let Bq{x) be the neutral component of F(y). Thus, B = B{1) and Bq = Bo{l). 
Clearly, B{x) (-Bo(x)) respectively) is algebraic as soon as Aut A (Auto A, respectively) 

is. 

From Proposition 2.12 we deduce the following result. 

Corollary 3.1. If the cylinder X x C over an affine variety X is tight, then the orbits 
of the automorphism group Aut (A x C) (o/Auto (A x C), respectively) coincide with 
the orbits of the group B{x) (-Bo(x); respectively), whatever is the character x of Aut X 
{of Auto A, respectively). 

Proof. We give a proof for the group Aut (A x C); that for Auto (A x C) is similar. 
Recall that any automorphism F of the tight cylinder A x C is triangular, and so, can 
be written as 

F{x,y) = {Sx, A{x)y) for any {x,y) E X x C, (30) 

where S G Aut A and A G Mor(A,AffC). It follows that the i?(y)-orbit B{x)Q of 
a point Q = {x,y) iu X X C is B{x)Q = [(Aut A)x] x C. By virtue of Proposition 
2.12 the SAut (A x C)-orbits in A x C coincide with the r-orbits, i.e., with the rulings 
of the cylinder A x C. Now the assertion follows from decomposition (21) and the 
isomorphism C>+(A) = SAut (A x C) of Proposition 2.14. □ 
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Remark 3.2. Let X be an affine variety with LND(A’) = 0. If Auto A” is an algebraic 
group, then this is an algebraic torus, see [25, Lemma 3]. In this case Bq{x) is a 
metabelian linear algebraic group isomorphic to a semi-direct product C+ xi (C*)^, 
where r > 0 and (C*)'" acts on C+ via multiplication by the character x of the torus 
(C*)L 

In the spirit of Tame Map Theorem, the following holds. 

Proposition 3.3. Given a tight cylinder XxC over an affine variety X and a character 
X of Ant X, any automorphism F of X x C admits a unique factorization 

F: X xC'^^^ B{x) X {X xC) ^ X xC, (31) 

where a stands for the B{x)-o>c.tion on X x C, and T: A x C —?■ B{x) is a morphism 
with a constant (Ant A)-component. 

Proof. By Corollary 3.1 for any point Q = (x, y) G A x C there exists an element 
T(Q) G R(x), T(Q): {x',y') H- {S{Q)x',x{.S{Q))y' + f{Q)) for some f{Q) G C, such 
that 

F{Q) = T{Q)Q = {S{Q)x, x(^(g))i/ + /(Q)) G A x C. (32) 

On the other hand, according to (30), 

F{Q) = {Sx, a{x)y + b{x)) G A x C , (33) 

where S G Ant A, a G (9^ (A), and b G C>+(A) are uniquely determined by F. Com¬ 
paring (32) and (33) yields S{Q)x = Sx and f{Q) = {a{x) — xi^Sfy + b{x) for any 
g G A X C. Vice versa, the latter equalities dehne unique / G 0{X x C) and 
S G Ant A such that T: A x C —?■ B{x), Q ^ (S, z x{S)z -|- /(g)), hts in (31) i.e., 
F = a o (T X id), as required. □ 

Formula (12) corresponds to the particular case where A x C = x C = C”. In 
this case Ant A = AutC^j/^ = C* (see Theorem 4.1(a)), and the character y : C* —)■ C* 
is the identity. 

3.2. Aut(A X C) as ind-group. Recall the following notions (see [30], [49]). 

Definition 3.4. An ind-group is a group G equipped with an increasing hltration 
G = where the components Gi are algebraic varieties (and not necessarily 

algebraic groups) such that the natural inclusion Gi Gj+i, the multiplication map 
Gi X Gj Gm{i,j), {gi,gj) ^ gidj, and the inversion Gi -)■ Gk{i), gi ^ g~^, are 
morphisms for any i,j G N with a suitable choice of m{i,j), k{i) G N. 
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Examples 3.5. (a) {Ind-structure on 0+{X)). Given an affine variety A” we fix a 
closed embedding A ^ . For / G (9+(A) we define its degree deg / as the minimal 

degree of a polynomial extension of / to C^. Letting 

G, = {/e(9+(A)| deg/<*} (34) 

we obtain a filtration of the group (9+(A) by an increasing sequence of connected 
Abelian algebraic subgroups G* (z G N), hence an ind-structure on C>+(A). 

(b) {Ind-structure on Ant A). Given a closed embedding A C^, any automor¬ 
phism F G Ant A can be written as F = (/i,..., /^r), where fj G G+(A). Letting 

deg F = max {deg fj} and Gj = {F G Ant A | deg F < i} 

we obtain an ind-group structure Ant A = IJieN compatible with the action of Ant A 
on A. The latter means that the maps Gj x A —)■ A, {F,x) i-A F{x), are morphisms 
of algebraic varieties. It is well known that any two such ind-structures on Ant A are 
equivalent. 

(c) {Ind-structure on Ant (A x C)). For a tight cylinder A x C an ind-structure on 
the group Ant (A x C) can be dehned via the ind-structures on the factors G+(A), 
C>^(A), and Ant A in decomposition (21). 

3.3. G^(A) as ind-group. Any extension of an algebraic group by a countable group 
is an ind-group. In particular, the group 0^{X) is an ind-group due to the following 
well-known fact (see [48, Lemme 1]; see also [42, Gh. 3, Lemma 1.2.1] or [17, Lemma 
1.1]). 

Lemma 3.6 {Samuel’s Lemma). For any irreducible algebraic variety A defined over 
an algebraically closed field k we have 

(A) = k* xZ^ for some m > 0 . 

If k = C, then m < rankiL^(A, Z). 

We provide an argument for k = C, which follows the sheaf-theoretic proofs of the 
topological Bruschlinsky [7] and Eilenberg [13], [14] theorems. 

Proof. The sheaves Cx., and of germs of continuous functions with values in 
Z, C, and C*, respectively, form the exact sequence 0 —)■ Zx Cx ^ 1. 

As A is connected and paracompact, and the sheaf Cx is hne, H^{X,Cx) = 0 and the 
corresponding exact cohomology sequence takes the form 

0 ^ Z ^ G(A) ^ G*(A) ^ H\X, Z) ^ 0 . 
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Restricting the homomorphism pio 0^{X) G C*(X) and taking into account that the 
conditions ip G 0{X) and e‘^ G 0^{X) imply ip = const, we obtain the exact sequence 

C ^ 0^{X) ^ H\X,Z). 

Since H^{X, Z) is a free Abelian group of hnite rank, the image of p is isomorphic to 
Z™ with some m < rankhf^(A’, Z). This implies that the Abelian group 0^{X) admits 
the desired direct decomposition. □ 

Examples 3.7 {The groups of units on the balanced spaces), (a) The discriminant 
Dn is the restriction to C"" = \ {z \ dn{z) = 0} of the irreducible discriminant 

polynomial dn- Since C” = x C, the group H^{Cf^{f^,Z) = H^{C'^,Z) = Z is 

generated by the cohomology class of Dn- Any element of 0^{C{^{f^) is of the form sD^ 
with s G C* and k E Z. Hence = C* x Z. 

(b) The projection Dn ; ^ C*, Q i-A Dn{Q), is a locally trivial hber bundle with 

hbers isomorphic to Since 712 (C*) = 0, the hnal segment of the corresponding 

long exact sequence of homotopy groups looks as follows: 

1 -)■ -)■ 7ri(C*) ^ 1. 

Now, T^i{Cfff.^) is the Artin braid group A„_i, and we can rewrite this sequence as 

1 —)■ Tii{SC'^Y<^) —)■ A„_i —)■ Z —)■ 1, 

so that the commutator subgroup A'^_^ is contained in Tii{SC't)f[^). Since A„_i/Ajj_;^ = 
Z and the torsion of any nontrivial quotient group of Z is nontrivial, it follows that 
= A'n_i. By [20, Lemma 2.2], A"_;^ = A'„_^ for any n > 4, and so 
Hom(A;_i,Z) = 0. Finally, H\SClf^^,Z) = Hom(7ri(5C[]i;2), Z) = Hom(Aj,_i,Z) = 0 
and ^ CL 

(c) The discriminant dn and its restriction dn\zi=o to the hyperplane Zi = 0 are quasi- 

homogeneous. So, the zero level sets = {dn = 0} and E[]j“^ = n {zi = 0} 
are contractible. Hence iL^(E[]j“^, Z) = 0. By Lemma 3.6, = C*. 

3.4. The neutral component Auto (A x C). 

Definition 3.8. The neutral component Gq of an ind-group G = dehned 

as the union of those connected components of the Gi that contain the unity ec of G. 
In other words, Gq is the union of all connected algebraic subvarieties of G passing 
through ec- Recall that a subset R C G is an algebraic subvariety if it is a subvariety 
of some Gi- Clearly, Gq is a normal ind-subgroup of G. 

For an irreducible affine variety A, Auto A is as well the neutral component of Ant A 
in the sense of [47]. 

From Corollary 2.4, Lemma 3.6, and decomposition (21) we derive the following. 
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Theorem 3.9. For a tight cylinder X x C we have 

Auto (A X C) ^ 0+{X) X (C* X Auto X). (35) 

Proof. For a semi-direct product of two ind-groups H and H' we have {H x H')q = 
Hq X Hq. Thus, from (21) we get a decomposition 

Auto (T X C) ^ {0+{X) X C*) X Auto • 

It suffices to show that the factors C* and Auto in this decomposition commute, 
i.e., that FF' = F'F for any two automorphisms F,F' G Auto (A x C) of the form 
F : (x,|/) !-)■ {x,ty) and F' : {x,y) i-A {Sx,y), where S G Aut A and t G C*, see (18). 
However, the latter equality is evident. □ 

Remark 3.10 {The unipotent radical o/Auto (X x C)). Due to Proposition 2.8(a), the 
base A of a tight cylinder A x C (in particular, any rigid variety X) does not admit 
any non-trivial action of a unipotent linear algebraic group. Thus, any such subgroup 
of Auto (X X C) is contained in the subgroup SAut(A x C) = C>+(A), see (35), and 
so, is Abelian. Due to Proposition 2.14, the normal Abelian subgroup SAut(A x C) 
can be regarded as the unipotent radical of Auto (A x C). Note that SAut(A x C) is a 
union of an increasing sequence of connected algebraic subgroups, see Example 3.5 (a). 
We need the following more precise statement. 

Lemma 3.11. Let X x C be a tight cylinder. Then the special automorphism group 
SAut(A X C) C Auto {^ X C) is a countable increasing union of connected unipotent 
algebraic subgroups Ui C SAut(A x C), which are normal in Auto (A x C). 

Proof. The action of Auto ^ op fhe normal subgroup (P+(A) <3 Auto {^ x C) in (35) is 
given by 6 !-)■ 6 o S' for 6 G 0+{X) and S G Auto A, cf. the proof of Theorem 3.9. The 
C*-subgroup in (35) acts on 0+{X) via homotheties b i—)■ t~^b, where b G 0+{X) and 
t G C*. Therefore, the linear representation of the product C* x Auto A on 0+{X) is 
locally finite. In particular, the finite dimensional subspace Gj = {/ G (P+(A) | deg / < 
i} as in (34) is contained in another finite dimensional subspace, say Ui, which is stable 
under the action of C* x Auto hence is normal when regarded as a subgroup of 
Auto (A X C). Since the sequence (Gi)igN is increasing, we can choose the sequence 
(17j)igN being also increasing. □ 

Corollary 3.12. Let X x C be a tight cylinder over an affine variety X Suppose that 
Auto A is an algebraic group.^ Then Auto (A x C) = [J-^^Bi, where (i?j)jgN is an 
increasing seguence of connected algebraic subgroups. 

Proof. It is enough to let Bi = UiX (C* x Auto A). D 

®The latter assumption holds if fc(reg X) > 0, where k stands for the logarithmic Kodaira dimension. 
If this is the case, then Auto A” is an algebraic torus ([25, Proposition 5]). 
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3.5. Algebraic subgroups of Auto x C). In this subsection we keep the assump¬ 
tions of Corollary 3.12. By this corollary the group Auto x C) is a union of connected 
affine algebraic subgroups. The notions of semisimple and unipotent elements, and as 
well of the Jordan decomposition, are well dehned in Auto x C) due to their invari¬ 
ance. Moreover, by virtue of Remark 3.10 for any connected affine algebraic subgroup 
G of Auto (df X C), the unipotent radical of G equals GnSAut(A x C). So SAut(A x C) 
is the set of all unipotent elements of Auto (d^ x C). The next result shows that, under 
the assumptions of Corollary 3.12, decomposition (35) can be viewed as an analog of 
the Mostow decomposition for algebraic groups. Recall that Mostow’s version of the 
Levi-Malcev Theorem [43] (see also [22] or [46, Ch. II, §1, Theorem 3]) states that any 
connected algebraic group over a field of characteristic zero admits a decomposition into 
a semi-direct product of its unipotent radical and a maximal reductive subgroup. Any 
two such maximal reductive subgroups are conjugated via an element of the unipotent 
radical. 

Theorem 3.13. Let X be an affine variety of dimension > 1 such that Auto X is an 
algebraic group. Then the following hold. 

(a) The group Autodf is isomorphic to an algebraic torus (C*)'’. 

(b) The group Auto (df x C) = 0+{X) xi (C*)^+^ is metabelian. 

(c) Any connected algebraic subgroup G of Ant {X xC) is either Abelian or metabelian 
of rank < r -|- 1. 

(d) Any algebraic torus in Auto (‘b’ x C) is contained in a maximal torus. Any 
maximal torus is of rank r -|- 1, and two such tori are conjugated via an element of 
SAut(A X C). 

(e) Any semisimple element of Auto (d^ x C) is contained in a maximal torus. Any 
finite subgroup o/Auto (‘d’ x C) is Abelian and contained in a maximal torus. 

Proof. By our assumptions Auto df is a connected linear algebraic group without any 
unipotent subgroup. Indeed, assuming that there is such a subgroup U, and taking 
it to be one-dimensional, we have U = exp(Cc?), where d G LND(0(df)). Then 
U = exp((ker 5)5) is an inhnite dimensional subgroup of Autodf, a contradiction. 

Hence by Theorem 2.18 the cylinder df x C is tight, and so, Autodf is an algebraic 
torus by [25, Lemma 3]. This proves (a). 

By virtue of (35) and (a) we have 

Auto (T X C) ^ 0+{X) X (C*)"+^. (36) 

This proves (b). 

By Corollary 3.12 the group Auto (d^ ^ C) is covered by an increasing sequence of 
connected algebraic subgroups (iJj)jgN, where Rj = f/j x (C*)^+^ is metabelian.. Any 
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algebraic subgroup G C Auto (A’ x C) is contained in one of them, say G C -B*. This 
proves (c). 

Now (d) follows by the classical Mostow Theorem applied to an appropriate subgroup 
Bi, which contains the tori under consideration. 

The same argument proves (e). Indeed, both assertions of (e) hold for connected 
solvable affine algebraic groups due to [23, Ch. VII, Proposition 19.4(a)]. □ 

Remark 3.14. The assumption that Auto {X) is an algebraic group is important. For 
instance, the group Auto (Sn) of the Danielewski surface Sn is non-algebraic, and (d) 
does not hold for the cylinder Sn x C, see Example 2.9. Indeed, the group Aut {Sn x C) 
contains a sequence of pairwise non-conjugate algebraic two-tori ([10, Thm. 2]). 

3.6. Semisimple and torsion elements. We let T denote the maximal torus in 
Auto {X X C) which corresponds to the factor C* x Auto X = (C*)^+^ under the 
isomorphisms as in (35) and (36). From Theorem 3.13 ((d) and (e)) we deduce the 
following corollary. 

Corollary 3.15. Under the assumptions of Theorem 3.13 any semisimple {in partic¬ 
ular, any torsion) element of the group Auto {X x C) is conjugate to an element of 
the maximal torus T via an element of the unipotent radical SAut(A’ x C). The same 
conclusion holds for any finite subgroup o/Auto (A x C). 

Using Corollary 3.15 we arrive at the following description of all semisimple and 
torsion elements in the automorphism groups of tight cylinders. 

Proposition 3.16. Under the assumptions of Theorem 3.13 an element F G Anto {X x 
C) is semisimple if and only if it can be written as 

F \ {x,y) ^ {Sx,ty + tb{x) — b{Sx)), where {x,y)EXxC, (37) 

for some triplet {S,t,b) with S G Auto X, t E C*, and b E 0{X). Such an element F 
is torsion with F™ = id if and only if S'™ = id and t™ = 1. 

3.7. The Lie algebra of Auto {X x C). The Lie algebra of an ind-gronp is dehned 
in [49], see also [30]. For an ind-gronp G of type G = li^jGj, where (Gi)igN is an 
increasing sequence of connected algebraic subgroups of G, the Lie algebra Lie (G) 
coincides with the inductive limit lin^ ^ Lie (Gj). From Corollary 3.12 and decomposition 
(35) we dednce the following presentation. 

Theorem 3.17. Under the assumptions of Theorem 3.13 we have 

Lie (Auto {X X C)) = I x L. (38) 

Here 

I ^ {b{x)d/dy I b E 0+{X)} = 0+{X)d/dy (39) 
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is the Abelian ideal consisting of all locally nilpotent derivations of the algebra O(XxC), 
and 

L ^ Lie (C* X Auto X) (40) 

is the Cartan Lie subalgebra of Lie (Auto x C)) corresponding to the second factor 
in (35), i.e., a maximal Abelian subalgebra consisting of semisimple elements. Further¬ 
more, we have 

Lie (Auto {X x C)) = {b{x)d/dy, yd/dy, d\b e C>+(A), d G Lie (Auto A”)) (41) 

with relations 

[d,yd/dy] = 0, [d,bd/dy] = {db)d/dy, and [bd/dy,yd/dy] = bd/dy (42) 
for any b G 0+{X) and any d G Lie (Auto A). 

Proof. Decomposition (38) is a direct consequence of (35), and (41) follows from (35) 
and (38). The first relation in (42) follows from the fact that the factors C* and 
Auto A in (35) commute. To show the other two relations it suffices to verify these 
on the functions of the form f{x)y^ G 0{X x C) = 0{X)[y], where fc > 0. The latter 
computation is easy, and so we omit it. □ 

4. Automorphisms of configuration spaces and discriminant levels 

4.1. Automorphisms of balanced spaces. In view of Corollary 2.22, to compute 
the automorphism groups of the varieties C”, and we need to know the 

automorphism groups of the corresponding balanced spaces and 

The latter groups have been already described in the literature. We formulate the 
corresponding results and provide necessary references. Then we give a short argument 
for (a) based on Tame Map Theorem. The proof of (c) will be done in Section 7. 

Theorem 4.1. For any natural n > 2 the following holds. 

(a) AutC^i”^ = C*. Any automorphism S G AutC^”^ is of the form Q° i—)■ sQ°, 
where Q° G and s G C*. While AutC^j^ = Aut C* = C* x (Z/2Z). 

(b) AutiSCy”^ = Z/n(?7, — 1)Z. Any automorphism S G AutiSC^”^ is of the form 

Q° i-A sQ°, where Q° G , s G C*, and = 1, 

(c) Aut = C*. Any automorphism S G Aut is of the form Q° i—)■ sQ°, 

where s G C* and every point Q° G is considered as an unordered multiset 

Q° = {qi, ..., Qn} C C with at least one repetition. 

For n > 4 statement (a) is a simple consequence of Tame Map Theorem, see [32] 
and [33, Sec. 8.2.1]; we reproduce a short argument. In Theorem 10.3(c) we provide a 
more general result in the analytic setting. See also Section 8 for an alternative proof 
avoiding the reference to Tame Map Theorem and including the cases n = 3,4. 
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A proof of (b) is sketched in [29]. Actually, the theorem of Kaliman ([29, Theorem]) 
says that for n 7 ^ 4 every non-constant holomorphic endomorphism of is a 

biregular automorphism of the above form. A complete proof of this result can be found 
in [37, Theorem 12.13]. This proof exploits the following property of the Artin braid 
group A„_i (see [34, Theorem 7.7] or [36, Theorem 8.9]): For n > 4, the intersection 
^'n-i hi PAn_i of the commutator subgroup A'„_]^ of A„_i with the pure braid group 
PA„_i is invariant under any endomorphism of A(j_^. This is no longer true for 
n = 3,4, see Example 9.4. In case n = 3, is a smooth affine elliptic curve with 
j = 0, and, once again, its automorphism group is as in (b). In case n = 4 we extend 
Kaliman’s Theorem for automorphisms using a different approach, see Theorem 9.1. 
Note that in the case of endomorphisms, the original Kaliman’s Theorem does not hold 
if n = 4; see Example 9.3. 

Our proof of (c) is based on a part of Tame Map Theorem due to Zinde ([51, Theo¬ 
rems 7 and 8 ]), which describes the automorphisms of the conhguration space 
Since by Lemma 2.20 regE[]j“^ = C"'“^(C*), from results in [loc. cit.] it follows that for 
n > 4 

Aut(regE[]-2) = AutC’"-2(C*) ^ (AutC*) x Z = (C* x Z) x (Z/2Z). 

In Theorem 7.1 we show that only the elements of the connected component C* of 
Aut(reg E[]j“^) can be extended to automorphisms of the whole variety This 

implies both assertions in (c) for n > 4. In Section 6 we provide an alternative proof of 
Zinde’s Theorem in our particular setting, which does not address Tame Map Theorem. 
We extend the description of the group AutC”(C*) given in Zinde’s Theorem to the 
cases where n = 4 and n = 3. The theorem does not hold any longer for n = 2; this 
case is treated in Theorem 6.26. Using the description of the group AutC^(C*) from 
Theorem 6.26 we complete the proof of (c) in cases n = 4 and n = 3. 

Proof of (a) for n > 4. The extension F of S' to C" dehned by F{Q) = S{Q — bc(Q)) 
for all Q G C” is a non-Abelian endomorphism of such that FiC"^) C . By 
Tame Map Theorem and Remark 1.3 (b), there is a unique morphism T: ^ Aff C 

such that F = Ft- Since F preserves we have T{Q){0) = 0 for any Q G 

and hence also for any Q G C"'. So, T{Q)( = a(Q)( for all C G C and Q G C", where 
a G 0^{C^). According to Example 3.7 (a), a = sD^ for some s E C* and k E Z, 
so that S{Q) = sD^{Q) ■ Q on Similarly, for the inverse automorphism S~^ we 

obtain that S~^{Q) = tDl^ ■ Q on with some t E C* and I E Z. Since is a 
homogeneous function on C" (namely, Dn{sQ) = for all Q E and s G C*), 

from the identity S o 5*“^ = id we deduce that k = I = 0 and t = s~^, as required. □ 

By Theorem 4.1 in all three cases the automorphism groups of the corresponding 
balanced spaces are algebraic groups. Hence Theorem 3.13 applies and leads to the 
following corollary. 
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Corollary 4.2. For any n > 2 the conclusions (b)-(e) of Theorem 3.13 hold with r = 1 
for the groups Auto C”' and Auto and with r = 0 for the group Auto , when 

these varieties are viewed as the cylinders in (27). 

Remark 4.3. Recall that Sym"^ C regarded as the space of all unordered multisets 
Q = {qi,Qn} C C is a disjoint union of C” and The tautological (Aff C)-action 

on C induces the diagonal (Aff C)-action on Sym"" C; both C" and are invariant 
under the latter action. It follows from Tame Map Theorem and Remark 1.3 (d) that 
for n > 2 the (Ant C”)-orbits coincide with the orbits of the diagonal (Aff C)-action 
on C"' (see [38, Section 2.2]). As follows from Corollaries 3.1, 4.2 and Theorems 3.13, 

4.1, for n > 2 the (Ant E”“^)-orbits coincide with the orbits of the above diagonal 
(Aff C)-action on . For n > 2 the (Ant iSC"'“^)-orbits coincide with the orbits of 
the subgroup C xi {Z/n{n — 1)Z) C Aff C acting on 

4.2. The groups AutC", AutiSC"' and Ant E” For our favorite varieties C”, 

and E”“^ we dispose at present all necessary ingredients in decomposition (21). 
Gathering this information we obtain the following description. 

Theorem 4.4. Ifn>2, then 

Antr ^ (C>+(C”;^) X (C*)2) X Z, (43) 

while for n = 2, 

AutC^ ^ (0+(C*) X (C*)2) X (Z X (Z/2Z)), (44) 

where 0+(C*) = C[t, Furthermore, for n> 2 

AntSr-^ ^ 0+(SClf^^) X (C* X (Z/n(n - 1)Z)) (45) 

and 

Ant E”-i = 0+(Zl-^) X (C*)^ . (46) 

All these groups are solvable, and Ant SC"'~^ and Ant are metabelian. In addition, 
any finite subgroup of one of the groups in (43),(45), and (46) is Abelian. 

Proof. Likewise this is done in the proof of Theorem 3.9, one can show that the factor 
C* of the group of units on the corresponding balanced space commutes with the last 
factor in (21). Taking this into account, the isomorphisms in (43)-(46) are obtained 
after substitution of the factors in (21) using Examples 3.7 and Theorem 4.1. 

For the connected group Ant in (46) the last assertion holds due to Theorem 
3.13. The same argument applies in the case of AutC"^. Indeed, the decomposition 
in (43) provides a surjection rj ; AutC"" —)■ Z, and any hnite subgroup of AutC"' is 
contained in the kernel ker ?7 = Auto 

The isomorphism in (45) yields a surjection Ant SC"'~^ —)■ C* x (Z/n(n — 1)Z) with a 
torsion free kernel SAutiSC"'”^ = Oj^(SC^f^). Since any hnite subgroup of AutiSC"”^ 
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meets this kernel just in the neutral element, it injects into the Abelian group C* x 
{'L/n{n — 1)Z) and so is Abelian. □ 

4.3. Automorphisms of C”, and These varieties can be viewed as 

subvarieties of the nth symmetric power Sym^C = C”g^/S(n) = The elements 

of the hrst two are n-point conhgurations in C, while the discriminant variety = 
(Sym” C) \ C” consists of all unordered multisets Q = {gi,..., qn} C C with at least 
one repetition (see Section 1). As before, we let be the discriminant viewed as a 
regular function on C". 

Theorem 4.5. Let n > 2, let Z be one of the varieties , SC^~^, and , and .Ebic 
he the corresponding balanced space {see (25)). A map F: Z ^ Z is an automorphism 
if and only if 

F{Q) = sQ° + a{Q°)hc{Q) + b{Q°) for all Q e Z , (47) 

where Q° = Q — bc(Q) G ^bic? s G C*, 6 G 0+{Zuc), o-nd 

(a) a = tD^ with t G C* and k & Z, if Z = C"'; 

(b) a G C* and = 1^ %f Z = SC^-^; 

(c) aeC*, tf Z = E"-h 

Proof. Let F be an automorphism of the cylinder Z = .Ebic x C (cf. (27)). According 
to Corollary 2.22, Theorem 4.1, and Example 3.7, F is triangular of the form 

F{Q) = {sQ°, a{Q°) hc{Q) + b{Q°)) = sQ° + a{Q°) hc{Q) + b{Q °), 

where in each of the cases (a), (b), (c) the triplet {s,a,b) is as before. Conversely, 
such an F is a (triangular) automorphism of ^bic x C = Z corresponding to the 
automorphisms': i-A sQ” of Zbk and the morphism A: Zbk —)■ Aff C, A{Q°): ( 

aC, +b for all Q° G 21bic and ( E C. □ 

Remarks 4.6. (a) Consider the algebraic torus T of rank 2 consisting of all transfor¬ 
mations 

iy{s,t): Q ^ s-{Q — hc{Q))+thc{Q) for any (s,f)G(C*)^ and Q G Sym"" C . (48) 

Both subvarieties C” and in Sym" C are invariant under this action. In fact, T 
is a maximal torus in each of the automorphism groups AutC"^ and AutE"^“^. The 
subgroup of T given by = 1 and isomorphic to {Z/n{n — 1)Z) x C* acts on 

sc^-^. 

(b) Let Z be again one of the varieties C”, and E"""^, where n > 2, and let 

Zuc be the corresponding balanced space. Using Proposition 2.12 one can deduce the 
following: Any C+-action on Z is of the form 

Q i-E- Q + Xb{Q — bc(Q)), where Q E Z , A G C+ , b E 0{Z\,\c). (49) 


26 


VLADIMIR LIN AND MIKHAIL ZAIDENBERG 


The case b = 1 corresponds to the t- action on Z. 

(c) It follows from (47) that for any F in one of the above groups, one has F = Ft 
with T as in (12). 

4.4. The group Ant (C", The space Sym^C = C"' U of all unordered 

n-multisets Q = {qi,...,qn} C C can be identihed with the space = C” of all 
polynomials (1). The corresponding balanced space U consists of all 

polynomials A” + Z 2 X'^~‘^ + ... + Zn- An automorphism F of C” as in (47) extends to 
an endomorphism of the ambient affine space C” if and only if the rational functions 
a{Q — bc(Q)) and b{Q — bc(Q)) on in (47) are regular, i.e. a,b & = 

C[z 2 ,..., Zn]- Such an endomorphism F admits an inverse, say F', on C” if and only if 
the corresponding functions a' and b' are also regular i.e. a', b' G In particular 

a = const G C*. This leads to the following description. 

Theorem 4.7. For any n > 2 we have 

Aut(C",E"-') = X (C*)^ 

where the 2-torus (C*)^ and the group C[z 2 , ■ ■ ■, Zn] = C>+(C"'“^) act on C" = Sym^C 
via (48) and (49) with A = 1, respectively. □ 

4.5. The Lie algebras Lie (Auto C'^)i Lie (Auto and Lie (Auto E"'“^). 

4.5.1. The Lie algebra Lie (Auto C"')- Let dr G LND(0(C”)) be the inhnitesimal gen¬ 
erator of the C+-action r on C” C By (38) and Remark 4.6 (b), for n > 2 there 
is the Levi-Malcev-Mostow decomposition 

Lie (AutoC^) = / ©LieT 

with Abelian summands, where / = 0{Cl^^^)dr is as in (39) and the 2-torus T C 
AutoC” as in Remark 4.6(b) consists of all transformations n(s,t) as in (48) with 
(s,t) G (C*)^ and Q G C". Thus T is the direct product of two its 1-subtori with 
infinitesimal generators, say dg and 5^, respectively. These derivations are locally finite 
and locally bounded on (!7(C”), and their sum dg + dt is the inhnitesimal generator of 
the C*-action Q i-A XQ (A G C*) on C”. With this notation we have the following 
description. 

Proposition 4.8. For n > 2 the Lie algebra 

Lie (Auto C) = {I,dg,dt ), where I = 0{Cl^^~^)dr , (50) 

is uniquely determined by the commutator relations 


[ 5 ^, dt] = 0 , [dg, bdr] = {dgb)dr, and [bdr, dt] = bdr , 


( 51 ) 
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where b runs over Furthermore, in the coordinates zi,...,Zn in C” = 

the derivations dr, dt, and ds are given by 


d 


d 


dr = ^{n-i + l)zi-i — , dt = {-zi/n)dr , and ds = ^kzk-^ - dt, 


2 = 1 


k=l 


dzk 


where = 1- 


(52) 


Proof. From (41) and (42) in Theorem 3.17 we obtain (50) and (51), respectively. The 
diagonal C+-action (gi,..., g„) i-A (gi + A,..., g„ + A), A G C+ , on the affine space 
has for inhnitesimal generator the derivation 


®‘”’ = Eji-«^LND(C[gi,..., <,„]). 

i=l 

This C+-action on descends to the C+-action r on the base of the Vieta covering 
P'- ^'(q) *C”g)/S(77) = C"^), (^1, . . . , Qn) ^ {Zi, . . . , Zn) , 


where Zi = (—l)Vi(gi ,... ,qn) and at is the elementary symmetric polynomial of degree 
i. We have = (n — i + l)ai-i. Hence in the coordinates zi, ..., Zn on the 

inhnitesimal generator dr of r is given by the hrst equality in (52). 

The derivations ds,dt, and dr preserve the subring <C[zi,..., Zrf\ C O(C^) and admit 
natural extensions from <C[zi,..., z„\ to C[gi,..., g„] denoted by the same symbols, 
where 


(L H 

dr'.qi^l, dt: qi ^-'^qk, and ds'-qt^qt - i = l,...,n. 

n z —^ n 

k=l k=l 


It follows that dt = {—Zi/n)dt, which yields the second equality in (52). Applying 
these derivations to the coordinate functions Zi = (—l)Vi(gi ,... ,qn) the last equality 
in (52) follows as well. □ 


4.5.2. The Lie algebra Lie (Auto We have seen in the proof of Proposition 4.8 

that the C+-action r and the action of the 2-torus T on C” extend regularly to the 
ambient affine space along with the derivations dr, dt, and dg given by (52). 

The discriminant dn on is invariant under r. Hence drdn = 0, and so, the com¬ 
plete vector held dr is tangent along the level hypersurfaces of dn, in particular, along 
j = {dn = 0}. The induced locally nilpotent derivations of 

the structure rings 0{SC"'~^) and C>(E"'“^) will be still denoted by dr- 

The action of the 2-torus T on stabilizes E""^. Hence dt and dg generate 
commuting semisimple derivations of 0{TF~^) denoted by the same symbols. Using 
these observations and notation we can deduce from Theorem 3.17 and Corollary 4.2 
the following description (cf. [40]). 
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Proposition 4.9. For n > 2 the Lie algebra 

Lie (Auto = (/, ds, dt ), where I = , 

is uniquely determined by relations (51), where b runs over 

Proof. The proof goes along the same lines as that of Proposition 4.8, and so we leave 
it to the reader. □ 

4.5.3. The Lie algebra Lie (Auto Since drdn = 0, for the derivation dt = 

{—zi/n)dr (see (52)) we have dtdn = 0. Hence the vector held dt is tangent as well to 
each of the level hypersurfaces of dn- In particular, dt induces a semisimple derivation 
of 0{SC"'~^) (denoted again by dt) and generates a C*-action T on SC^~^. So we arrive 
at the following description. 

Proposition 4.10. Porn > 2 the Lie algebra 

Lie (Auto Sr-^) = (/, dt ), where I = 0+{SClf^^)dr , 

is uniquely determined by the relations [bdr,dt] = hdr, where b runs over 0+{SC^^^). 

Proof. This follows from Theorem 3.17 and Corollary 4.2 in the same way as before. 
We leave the details to the reader. □ 

5. More on the group Ant {X x C) 

5.1. The center of Ant (A x C). The following lemma provides a formula for the 
commutator of two triangular automorphisms of a product A x C. We let 

F = F{S, A ): (x, y) ^ {Sx, A{x)y ), 

where (x, y) G A x C, S' G Aut A, and A : A —)■ Aff C (cf. (30)). 

Lemma 5.1. Suppose that the group Aut A is Abelian. Then for any F = F{S,A) 
and F' = F(S", A') in Aut^ (A x C) and any {x,y) E X x C we have 

[F’,F](x,y) = (i,(/l'(i))-‘(/l(S'x))-M'(Sx)/l(n)!/). (53) 

Consequently, F and F' commute if and only if 

A{S'x)A'{x) = X{Sx)A{x) for any x G A . (54) 

Proof. The proof is straightforward. □ 

Applying this lemma to general cylinders we deduce the following facts. 

Proposition 5.2. Let X be an affine variety. If the group Aut A is Abelian then the 
center of the group Aut^ (A x C) is trivial. The same conclusion holds for the groups 
AutC"', AutiSC"'”^, and Aut E”"^, where n > 2. 
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Proof. Consider two elements F = F{S,A) and F' = F{S',A') in AutA (df x C), 
where S,S' G Ant A and A: y ay + b, A^: y a'y + b' with a, a' G 0^{X) and 
b, b' G (9+(A). If F and F' commute then (54) is equivalent to the system 

{a o S') ■ a' = a ■ {a' o S) and {a' o S) ■ b + b' o S = {a o S') ■ b' + b o S'. (55) 

Assume that F is a central element i.e. (55) holds for any F'. Letting in the second 
relation S' = id, a' = 2, and b' = 0 yields 6 = 0. Now this relation reduces to 

b'o S = {ao S')-b'. 

Letting 6' = 1 yields a = 1 and so A = id and b' o S = b' for any b' G C>+(A). If 
S' 7^ id this leads to a contradiction, provided that P is non-constant on an S'-orbit in 
X. Hence S = id, and so, F = id, as claimed. 

The last assertion follows now from Corollary 2.4, since the bases of the cylinders 
C”, and are rigid varieties with Abelian automorphism groups, see (27), 

Proposition 2.21, and Theorem 4.1. □ 

5.2. Commutator series. Let us introduce the following notation. 

Notation. Let X be an affine variety with a tight cylinder A x C, and let P C 
Ant (A X C) be the subgroup consisting of all automorphisms of the form F = F(id, A), 
where A: y \-^ty + b with t E C* and b G 0+{X). It is easily seen that 

SAut {X xC)<V < Auto (A X C). 

Furthermore, P = 0+{X) x C* under the isomorphism in (35), with quotient group 
Auto (A X C)/I2 = Auto A. Ip particular, for A x C = n > 2, we have 

V = Auto (A’ X C), see Corollary 2.4 and Theorem 4.4. 

It is known ([23, Ch. VII, Theorem 19.3(a)]) that for any connected solvable affine 
algebraic group G the commutator subgroup [G, G] is contained in the unipotent radical 
Gu of G. In our setting a similar result holds. 

Theorem 5.3. Let X ^ C be an affine variety such that Auto A is an algebraic group. 
Then 

[Auto (A X C), Auto (A x C)] = [D, V] = SAut (A x C). (56) 

Conseguently, the commutator series of the group Auto (A” x C) is 

1 < SAut(A X C) ^ Auto (A X C). (57) 

The same conclusions hold for the groups Auto C"', Auto Ant = 

Auto E”"^, where n > 2. 

Proof. Since the group Auto A is algebraic and A ^ C, this group does not contain any 
unipotent one-parameter subgroup. Hence by [25, Lemma 3] Auto A is an algebraic 
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torus, hence is Abelian. By (35), SAut (A x C) < Auto (A” x C) is a normal subgroup 
with the Abelian quotient 

Auto (A X C)/ SAut (A X C) ^ C* X Auto A . 

Hence [Auto (AxC), Auto (A xC)] C SAut (AxC). To show (56) it suffices to establish 
the inclusion SAut (A x C) C \P,T>]. However, by virtue of (53) any F = F(id, A) e 
SAut (A X C), where A : y y + b with b G (9+(A), can be written as commutator 
F = [F',F"], where F' = F(id, A') and F" = F(id, A") with A' : y ^ —y — b/2 and 
A" y y + b/2 (in fact, A = [A', A"]). 

Now (57) follows from (56), since the group SAut (A x C) = C>+(A) is Abelian. 

By Theorem 4.1, for n > 2 the groups AutoC", Auto and Aut = 

Auto satisfy our assumptions. So, the conclusions hold also for these groups. □ 

For the group Aut SC"'~^ the following hold. 

Theorem 5.4. For n > 2 we have [Aut Aut = SAutiSC””^. Hence the 

commutator series of Aut SC"'~^ is 

1 ^ SAut < Aut 

with the Abelian normal subgroup SAutiSC"”^ = and the Abelian quotient 

group 

Aut V SAut SC^-^ = C* X (Z/u(u - 1)Z). (58) 

Proof Theorem 5.3 yields the inclusion SAut C [Aut Aut The 

opposite inclusion follows from (58), which is in turn a consequence of Theorem 4.4. 
Hence the assertions follow. □ 

Consider further the group AutC”. Note that the quotient groups 

(Aut C^)/V = C* xZ and V/ SAut C" ^ C* (59) 

are Abelian, see Theorem 4.4. Hence 

[Aut r, Aut C”] C V, where [D, V] = SAut C” , (60) 

see Theorem 5.3. More precisely, the following holds. 

Theorem 5.5. Forn > 2 we have [Aut C”, AutC”] = T). Hence the commutator series 
of the group Aut C” is 

1 < SAutC^ <V < AutC^ 
with Abelian quotient groups, see (59). 
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Proof. By virtue of (60) to establish the hrst equality it suffices to prove the inclusion 
V C [Aut C”, Aut C"']. We show that, moreover, any element Fq G "D is a product of 
two commutators in AutC"'. 

Indeed, choosing as before F and F' in V such that [F', F]: Q -^Q + h{Q) and 
replacing Fq by [F', F]~^Fo we may suppose that Fq = F(id, Aq), where Aq \ y ^ty 
with t E C*. 

Let F = F{S, A) and F' = F(5", A'), where 
S-.Q°^sQ°, and A{Q°)-. y ^ A'{Q°): y ^ s'{Q°)y 

for Q° E and y E C. By (53) we obtain 

[F',F](Q) = F(id,A"), where A" : y ^ {s’^' 

does not depend on Q° E Given t E C* we can hnd s, s' E C* and k,k' E 1> such 

that = t. With this choice, Fq = [F', F] and we are done. □ 

5.3. Torsion in Auto (^bic x C). Let Z be one of the varieties C"', or 

where n > 2, and let Zqic be the corresponding balanced variety. Denote by Gz one 
of the groups AutC”, Auto and Ant YP~^. With this notation we have the 

following results. 

Theorem 5.6. The semisimple elements of the group Gz are precisely the automor¬ 
phisms of the form 

F: Q sQ° + t ■ bc(g) + t ■ b{Q°) — b{sQ°) for ah Q E Z , (61) 

where Q° = Q — bc(g) E ^bic, b E 0 +{Zqic), and s,t ^ C*, with = 1 when 

Z = . Such an element F is torsion with F”* = id if and only if, in addition, 

= t^ = 1, 

Proof. Since Ant C’^/Auto C" = Z, the torsion elements of AutC” are that of the neu¬ 
tral component Auto C”. Taking into account that the group Ant (n > 2) is 

connected, in ah three cases Proposition 3.16 applies and yields the result after a 
simple calculation using the description in (48) and (49). □ 

In Example 5.9 we construct some particular torsion elements of the group AutC"^. 
We show that for any b E there is an element F G Tors(AutC"') of the form 

F: Q eE-sQ° + thc{Q) + b{Q°), where Q° = Q— hc{Q). (62) 

We use the following lemma. Its proof proceeds by induction on m; we leave the details 
to the reader. 
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Lemma 5.7. Letn > 2, and let F G AutoC” be given by (62). Letting Q° = Q — hc{Q) 
for any m G N we have 

m—1 

F^{Q) = s^Q° + r bc(g) + ■ 

j=o 

Conseguently, F™ = id if and only if s”^ = t"^ = 1 and the function b satisfies the 
eguation 

m—1 

t^-^-%s^Q°) = 0 for any Q° G . (63) 

i=o 

Remark 5.8. It follows from Lemma 5.7 and Theorem 5.6 that for m > 2 a function 
b G satishes (63) for a given pair (s,f) of mth roots of unity if and only if 

it can be written as b{Q°) = tb{Q°) — b{sQ°) for some b G OiCfff.^). The inversion 
formula 

m—1 

any g° G (64) 

j=o 

allows to hnd such a function b G for a given solution b G of (63). 

Examples 5.9 {Automorphisms of C'^ of finite order), (a) For m > 1, pick any b G 
^(^bic^) and any mth root of unity t ^ 1. Then the automorphism F: g i-A (g — 
bc(g)) + fbc(g) + b{Q — bc{Q)) satishes F 7 ^ id and F™ = id. 

(b) Let b G 0{C^) be invariant under the diagonal (Aff C)-action on C”. For instance, 

6 (g) = cD~^{Q) (q' ~ jg g^^p function for any /c G N and c G C. 

q',q''&Q 

Take any m > 2, and let s and t be two distinct mth roots of unity, where t ^ 1. Then 
the automorphism F as in (62) satishes F 7 ^ id and F”^ = id. 

(c) Any automorphism F of of the form F: Q —Q + b{Q — bc(g)) with 
b G 0{C{ff{^) is an involution. For instance, one can take 

b{Q) = cDl^{Q) Y^ {q'~ with r,mGZ, |r| + |m| > 0, and cgC. 

{gLFlcQ 

6 . The group AutC"(C*): Zinde’s Theorem 

In this section we provide a description of the group AutC"'(C*) according to Zinde 
[51]. This description will be used in the next section. For the convenience of the 
reader, we give an alternative proof in our setting. The original Zinde’s Theorem 
contains a description of the biholomorphic automorphisms of C”(C*) for n > 4, and 
the structure of the group of all such automorphisms. The proof in [51] is based on 
Zinde’s part of Tame Map Theorem (see the Introduction), which says that for n > 4 
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any non-Abelian holomorphic endomorphism of C"'(C*) is tame (see [51, Theorem 7]). 
Our approach is quite different. Indeed, we deal with biregular automorphisms only. 
In this particular case, for any n > 2 we provide a proof which does not refer to Tame 
Map Theorem. However, the starting point of both proofs is the same, see Corollary 

6.3. 

To formulate our extension of Zinde’s Theorem, we need a portion of notation. 
Consider the function G C>^(C"(C*)), where hn{Q) = Dn{Q)/{qi ■ ... ■ It 

is invariant under the diagonal action of Ant C* on C”(C*). For e G {1,-1} and 
Q = {gi, ...,qn} G C”(C*) we let = {gf,... ,g^}. With this notation, we have the 
following description of the group AutC"(C*). 

Zinde’s Theorem ([51, Theorem 8]). Let n > 2. A map F : —)■ C”(C*) is an 

automorphism if and only if there exist e G {1,-1}, s G C*, and /c G Z such that 

F{Q) = shl{Q)Q^ for all Q G C"(C). (65) 

Furthermore, for n > 2 

AutC"(C*) = (C* X Z) X (Z/2Z), 
where the factors Z and Z/2Z commute, while for n = 2 

AutC2(C*) = ((C* X Z) X (Z/2Z)) X (Z/2Z). 


Thus, the case n = 2 is exceptional: the automorphisms as in (65) form a subgroup 
of index 2 in the group AutC^(C*); see Theorem 6.26 for a more precise description. 
The proof of Zinde’s Theorem for n > 2 is done in 6.1-6.23. 

The following lemma is a generalization to the series B of the classical Artin Theorem 
([2, Theorem 3]), which says that the pure braid group PA„_i is a characteristic 
subgroup of the Artin braid group A„_i. Recall that a subgroup A of a group G is 
called characteristic if N is stable under all automorphisms of G. 

Lemma 6.1. Let B„ = 7ri(C"'(C*)) he the Artin-Brieskorn braid group of type Bn, and 
let PB„ G -^^7^ be the kernel of the natural surjection ^ S(Ti). Tdhen B^i is a 
characteristic subgroup of'Bn for any n> 2. 

Proof. For n > 5 the assertion follows from a more general result due to Zinde ([50, 
Theorem 5]), which says that PB„ is invariant under any endomorphism of B^^ with 
non-Abelian image. Alternatively, the assertion also follows for n = 3 and any n > 5 
from a result of Ivanov ([26, Theorem 2]), which generalizes Artin’s Theorem to the 
braid groups of general surfaces. The result for n = 4 is as well announced in [26] (a 
remark after Theorem 2), however, the proof of this was never published. We provide 
therefore yet another proof, which works for all n > 3. 
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Our approach uses the following result. We let WB„ be the hnite Coxeter group of 
type Bn, and CB„ (the ‘colored braid group’) be the kernel of the natural surjection 
ujn- —7- WB„. By a result of Cohen and Paris ([9, Propositions 2.4 and 3.9]), CB„ 
is a characteristic subgroup of B„ for any n G N. 

Let further Sn = (Z/2Z)"' be the subgroup of WBj^ generated by the orthogonal 
reflexions in M” with mirrors being the coordinate hyperplanes. We have WB„ = xi 
S(n). If Tin : WB„ —j- S(n) is the surjection with kernel Sn, then PB„ = ker(7r„ ocn^) D 
kercun = CB„. 

Let a G AutB„. Since CB„ C B„ is a characteristic subgroup, we have a(CBji) = 
CB„. Hence a induces an automorphism a G Ant WB„ of the quotient group. By 
a lemma of Franzsen ([18, Lemma 2.6]), for any n > 3 the subgroup Sn C WB„ 
is characteristic. Thus, a{Sn) = Sn- Since PB„ = a;“^(ker7rn) = u~^{Sn), then 
a(PB„) = PB„, and so, PB„ C B„ is a characteristic subgroup too. □ 

Remarks 6.2. 1. Lemma 6.1 does not hold any longer for n = 2. Indeed, recall that 
the group B 2 admits a presentation 

B2 = (n'i,Cr2|cri(T2CTiCr2 = (J2CriCr2CTi) 

with standard generators ai and a 2 - Let p: B 2 —)■ S(2) be the standard surjection 
sending ui to a = (1,2) and <72 to id. Thus, we have PB 2 = kerp = {af,a 2 }- Let 
a G AutB 2 be the involution of B 2 interchanging ui and cxi. It is called a graph 
involution in [18], since it is induced by an involution of the Dynkin graph of type B 2 
(the only graph of series B, which admits a nontrivial automorphism). Then a(PB 2 ) = 
{o'i,al) ^ PB 2 . Therefore, the subgroup PB 2 C B 2 is not characteristic. 

2. Likewise, Franzsen’s Lemma cited above does not hold for n = 2. Indeed, we have 

WB 2 = S 2 X {a) = {id, El, £ 2 , Wo, a, wocr, Eia, £ 2 (t] , 

where a = (1,2) acts naturally on as an orthogonal reflexion, S 2 = {£ 1 , 82 ) — 

(Z/2Z)^ with £i being the reflexion in of sign change of the Ah coordinate, i = 1,2, 
and Wq = £i £2 = —id. It is easy to check that the involution 

a G Ant WB 2 , id i-A id, tco wq, £i -H- a, £2 -H- woc, £ia GA £ 2 ^ 

does not stabilize the subgroup S 2 - Hence this subgroup is not characteristic. (In fact, 
d is induced by a as above via the natural surjection Ant B 2 —)■ Ant WB 2 .) 

The next corollary follows from a more general result of Zinde if n > 4, see [51, §2]. 

Corollary 6.3. For n > 2 any automorphism F of C"'{C*) can be lifted to an auto¬ 
morphism F c)/C"j,j(C*). 

^'^Note that the natural surjection B2 —?> WB2 sends the standard generators cri and 172 of B2 to 
a and £1, respectively, and sends the generator (criCT2)^ of the center Z(B2) =Z to £i£2. 
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Proof. By the monodromy theorem, a continuous selfmap F of the base of the Galois 
covering vr: —)■ C"'(C*) = CQ,.^(C*)/S(n) admits a lift to the cover if and only 

if the induced endomorphism F* of the fundamental group 7 ri(C"(C*)) = stabilizes 
the subgroup 7 r*( 7 ri(CQj.j(C*))) = PB„. Note that this endomorphism is well dehned 
only up to conjugation, i.e., up to the left multiplication by an inner automorphism. 
However, the property to stabilize the normal subgroup PB„ does not depend of this 
ambiguity in the dehnition of F*. If F is an automorphism, then F*(PB„) = PB„ by 
Lemma 6.1. Hence F admits a lift F to an automorphism of □ 

Note that this corollary does not hold for n = 2; see Example 6.25. 

The following lemma should be well known. For the lack of a reference, we provide 
a short argument. 

Lemma 6.4. Let tt: X ^ X be a Galois covering with a Galois group G. Suppose 
that any automorphism a G Ant X admits a lift to an automorphism a G Ant A. Then 
the set of all possible such lifts coincides with the normalizer N of G in Ant A, and 
Ant A = N/G. 

Proof. An automorphism 7 G Ant A is a lift of some a G Ant A if and only if 7 sends 
the hbers of tt into hbers. The vr-hbers are the G-orbits, hence 7 acts on the family of 
the G-orbits via 

7 (G.x) = G.'y{x) Vx G A . ( 66 ) 

Letting x' = 7 (x) we can write ( 66 ) in the form 

7 o G o 7 “^(x') = G.F Vx' G A . (67) 

Any 7 G A satishes (67). Conversely, let 7 G Ant A satishes (67). Then 7 o G o 7 “^ 
consists of deck transformations. However, the deck transformations form the Galois 
group G ~ 7 ri(A)/ 7 ri(A). Hence 7 o G o 7 “^ = G, these groups being of the same 
cardinality. Thus, 7 G A. This proves the hrst assertion. The proof of the second is 
easy and is left to the reader. □ 

Notation 6.5. Given a group G and a subgroup S of G, we let Nornic (5) denote 
the normalizer of S in G. In the sequel N = NormAutc"j(c*)(S(n)) stands for the 
normalizer of S(n) in AutCord(C*). 

Corollary 6.6. Gonsider the Galois covering —)■ C”(C*) with the Galois group 

S(n) acting on via permutations of coordinates. Then AutC"'(C*) = N/S{n). 

Proof. Indeed, the assumptions of Lemma 6.4 are fulhlled in this example due to Lemma 
6.3. Applying Lemma 6.4 yields the result. □ 

Thus, to prove Zinde’s Theorem we have to determine the normalizer N. This is 
done below. 
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To describe the automorphism group Aut Cqj.^(C*) we use the following direct product 
decomposition. 

Notation 6.7. We let as usual C** = C* \ {!}. For any n > 1 there is an isomorphism 

C„”d(C') (C”)xC-, Q= {Q',v) = ff A...,— ) ,qn) (68) 

\\Qn Qn / J 

with inverse 17 : {Q'^y) eA {yQ',y), where Q' G and y G C*. It is equi- 

variant with respect to the C*-actions on via Q i-A sQ and on the prod- 

uct X C* via {Q\y) eA {Q',sy), where s G C*. The hrst projection pr;^ : 

Coj.d(C*) —)■ Q i-A Q', is the orbit map of the C*-actions on Coj.d(C*). 

The following simple lemma is a crucial point of our approach. 

Lemma 6.8. For n > 1 the image of any regular map /:€*—>■ C”j(C*) is contained 
in an orbit of the C*-action on C”j.j(C*). 

Proof. Since any morphism C* —)■ C** is constant, also pr^ o / ; C* —)■ C 

(C**)""! is. This yields the assertion. □ 

The next corollary is straightforward. 

Corollary 6.9. For n > 1 any automorphism F G AutCQj.^(C*) preserves the family 
of the £-*-orbits inC2^^{£,*) and induces an automorphism ip G Aut such that 

prj^ o F = ip o pr^. The correspondence F i-A defines a surjective homomorphism 
p:AntCd(e)^AntCd'(C**). 

Due to the following proposition, the automorphisms of are “triangular” in 

the sense close to that of Section 2; cf. Corollary 2.22. 

Proposition 6.10. (a) For n > 1 any automorphism F G Aut(C”j,jj^(C**) x 
C*) = AutCj,j.^(C*) can be written as F{x,y) = {Sx, A{x)y) for some A G 
Mor (Cd^(e*),Aut e) and S G AutCd'(C”), for all {x,y) G Cd'(e*) x CD 
Vice versa, for any such pair {S, A) the above formula defines an automorphism 
F = F{S, A) of the direct product x C*. 

(b) There is a decomposition 

AutCd(C*) = Mor Aut C*) x Aut Cd^(C”). (69) 

Proof. The exact sequence 

0 ^ kerp ^ AutCd(C*) ^ Aut Cd^(<C") ^ 0 
splits, with splitting homomorphism 

Aut C”2(C”) 3 (^.id) e Aut(C"d‘(C”) X C-) = AutC”d(C-). 


( 70 ) 
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Hence AutCord(C*) = kerp xi Aut It remains to show that 

ker p = Mor (^-^(C”), Aut C*). 

Indeed, any F G ker p preserves every C*-orbit and induces an automorphism of this 
orbit. Identifying with the direct product xC* via isomorphism (68), 

we obtain a morphism A: —?■ AutC* such that F{x,y) = {x,A{x)y), where 

X E and y E C*. Vice versa, for every morphism A: -E- AutC* 

this formula gives an automorphism F E ker p. □ 

Our next aim is to describe the factors in (69). We start with the factor 
AutCQj.')J^(C**), see Lemma 6.11. This lemma follows from a more general result of 
Kaliman [29]; see [38, Theorem 16] for a proof. 

Lemma 6.11. (S. Kaliman [29]) For n > 1 we have Aut C”j.'[]^(C**) = S(n + 2). 

Remark 6.12. A hint for the proof is as follows; see [38, §3.2 and §4.10]. The diagonal 
action of the group PSL(2, C) on the conhguration space C”j,j^(P^) commutes with the 
S(n + 2)-action via permutations of coordinates. There is an isomorphism C”j.'[]^(C**) = 
C)]].’(]^(P^)/PSL(2, C). The S(n+2)-action on C”j.’(]^(P^) descends to an effective S(n+2)- 
action on the quotient C"j,j^(C**). Using an explicit description of all non-constant 
morphisms C"j,j^(C**) —)■ C**, it was shown in [ibid] that the image of S(n-|-2) exhausts 
the whole automorphism group AutC)]).'[]^(C**). 

From Proposition 6.10(b) and Lemma 6.11 we obtain such a corollary. 

Corollary 6.13. For n >2 we have 

AutCd(C-) ss (OVClHC-)) X (Z/2Z)) X S(n + 2), (71) 

where 

(Cd'(C")) = (Cd(C*))^*. (72) 

In the following lemma we describe the group of units on the conhguration space 
C"'(C*) and its C*-stable part. 

Lemma 6.14. (a) For n > 2 we have C)^(C"'(C*)) = C* x 7?, where the factor 71? is 
freely generated by the invertible functions Dn and Zn on C"'(C*) C C^z)- 

(b) Furthermore, a function f E 0^(C”(C*)) is C*-invariant if and only if f = sh^, 
where s G C*, = DnzlF'^, and k E 7. Hence 

^ C* X Z. 

Proof. The conhguration space C"’(C*) can be realized as the complement in the affine 
space to the union of the coordinate hyperplane Zn = 0 and the discriminant hyper¬ 
surface dn{z) = 0. Hence the discriminant Dn = dn\C^{C*) and the function Zn(Q) = 
( —l)"']^g freely generate the quotient group (C^(C*))/C* = H^(C"'(C*); 7) = 7?. 

qGQ 
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This proves (a). Now (b) follows readily, because Dn{XQ) = and Zn{XQ) = 

X"-Q for any Q e C”(C*) and A G C*. □ 

We need the following elementary lemma. 

Lemma 6.15. Let p: G ^ H be a homomorphism of groups, and let S be a subgroup 
of G. If N = NormG(S') and N = NoimnipiS)), then N C p~^{N). 

6.16. By Lemma 6.14(b), the function hn = o vr generates the group 

This function participates in the next lemma. 

Lemma 6.17. Let n >2. (a) For any e G {1, —1}, s G C*, and /c G Z, the formula}^ 

F-.Q^ shl{Q)Q^, where Q G Cd(C*), (73) 

defines an automorphism F G AutCQ,.d(C*). All these automorphisms form a subgroup 
Hi C AutCQj,d(C*) such that Hi = (C* x Z) x (Z/2Z), where the factors Z and Z/2Z 
commute. 

(b) The subgroup Hi commutes with the Galois group H 2 = S(n) of the covering 
tt: C”j.d(C*) —)■ C”(C*). If H G AutCQ,.d(C*) is the subgroup generated by Hi and H 2 , 
then 

H = HixH 2 = {{C* X Z) X (Z/2Z)) X S(n). 

(c) We have H G N = NormAutc^^j(c*) (S(n.)). 

Proof. The inclusion H G N follows from the fact that the groups Hi and S(n) com¬ 
mute. The rest of the proof is easy, so we leave it to the reader. □ 

6.18. In Proposition 6.23 we show that, in fact, N = H for any n > 2. Then by 
Corollary 6.6, AutC”(C*) = H/S{n) ~ (C* x Z) x (Z/2Z), with the factors dehned as 
in Zinde’s Theorem. This gives a proof of Zinde’s Theorem. 

In the sequel we use the following portion of notation. 

Notation 6.19. Recall that by Corollary 6.13, for n > 1 

AutCd(C*) = {O^ (Cd(C*))^‘ X (Z/2Z)) X S(n + 2) = HixH 2 , (74) 

where Hi = x jZ/2Zj and H 2 = S(n + 2). Letting N 2 = 

Norm^^ (p(S(n))), where p: Hi x H 2 ^ H 2 is the quotient morphism, by Lemma 6.15 
we obtain p{N) G N 2 . In Lemma 6.21 we describe the subgroup N 2 G H 2 . 

^^Cf. (65). 
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Notation 6.20. In the sequel we deal with the following involutions in AutCQj.j(C*). 
We let (Tj = {i.i + 1) G S(n), i = 1,... ,n — 1, where S(n) acts on via 

permutations of coordinates. Clearly, (ai,..., ak) = S(/c + 1) for any k = 1,... ,n — 1. 
For Q = {qi ,..., g„) G we let 

T:Q^q~‘^Q, v. Q ^ qlQ~^, and a'= q~\qn(Tn-i{Q) ■ (75) 

We have v = TOi = lot. In fact, v and a' represent the commuting transpositions 
(n, n + 2) G S(n + 2) and (n —l,n + l) G S(n + 2), respectively, under the S(n + 2)-action 
on (see Remark 6.12). 

In the next lemma we describe the normalizer N 2 = Norm|^^ (p(S(n))), where H 2 = 

S(n + 2) = AutCd'(C**). 

Lemma 6.21. (a) In the notation of 6.20 we have 

p{S{n)) = (cTi,... ,(Tn_ 2 ,CT') = Stabs(n+ 2 )(?^) C Stabs(n+ 2 )(?^ + 2) = S(n). 

(b) Furthermore, 

W = (cTi,..., an- 2 , <t', v) = p(S(n)) X {v) = S{n) x (Z/2Z). 

Proof, (a) It is easily seen that p(crj) = (7*, f = 1,..., n — 2, while p((T„_i) = a' ^ S(n). 
Hence the intersection of S(n) C AutC"j,jj(C*) with the subgroup S(n + 2) as in (74) 
coincides with S(n — 1) = {ai,... ,an- 2 ) = Stabs(n)(?^) C S(n). In particular, the 
restriction p|s(n-i) is identical. Now (a) follows. 

(b) Let a E N 2 C S(n + 2), i.e., a normalizes the subgroup p(S(n)) C S(n + 2). Then 
a respects the orbit structure of p(S(n)) acting on {1,... ,n + 2}. Hence it preserves 
the orbit {1,..., n — 1, n + 1} and sends the hxed points n and n + 2 of p(S(n)) into 
hxed points. This implies (b). □ 

6.22. By Lemma 6.15 we have p{N) C N 2 . Then by Lemma 6.21(b) and decomposition 
(6.19), any automorphism F E N admits one of the following presentations: 

(i) F: f{Q) ■p((t)(Q), 

(ii) F: f{Q) ■ {p{a) o t;)(Q), 

(hi) F: f{Q) ■ (r o p{a)){Q), 

(vi) F: f{Q) ■ (r o p{a) o t;)(Q), 

where Q E f E (C”^(C*))^*, a E S(n), and the involutions r and v are 

dehned in (75). Note that r generates the factor Z/2Z in (74). 

In the following proposition we prove the equality N = H, thus hnishing the proof 
of Zinde’s Theorem, see 6.18. 
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Proposition 6.23. Let n> 2. Then for F E N the cases {ii) and (Hi) never happen. 
Furthermore, any F E N as in (i) and (iv), respectively, can he given via 

F: Q i-E’sh^{Q) ■ a{Q) and F: Q i-E’sh^{Q) ■ {l o a){Q), 

respectively, where Q E s E C*, k E Z, a E S{n), and l is defined in (75). 

Consequently, N = H. 

Proof. We begin with the following observations. Note hrst that the multiplication 
by a function / E and the S(n)-action on commute. Fur¬ 

thermore, any a E S(n) can be written as a word, say, w{ai,... ,an-i). Hence 
p(a) = w{ai,...,an- 2 ,(r'), where a' E S{n + 2) and a' = p(cr„_i) = 
see (75) and the proof of Lemma 6.21(a). Since q~\qn £ , it follows 

that p{a) = g ■ w{ai ,..., CTn-i) for a certain function g E . 

For F in (i), the latter yields a presentation F\ Q ^ f{Q) ' where / E 

C>^(CQj.d(C*))^*. If F e iV, then also F o a~^ E N, because a E S{n) C N. However, 
F o (T“F Q i-a f{Q)Q normalizes the subgroup S(n) C AutCQj,^(C*) if and only if 

/ G (9^(Cqj.j(C*))‘‘'* is S(n)-invariant, i.e., if and only if / = sldf for some s E C* and 

k E Ti, see 6.16. Thus F E H. 

The same argument allows to write F in (iv) as 

F: f{Q) • (r o a o v){Q) = f{Q) • (r o n o a){Q) = f{Q) ■ (t o a){Q ), 

where / E C>^(C"j,j(C*))^*. We use here the equality i = t o v (see 6.20) and the fact 
that V and a commute. Assume further that F E N. Since both a and l belong to N, 
then Q i-A f{Q)Q is in N, too. This implies as before that / = sh^ for some s G C* 
and k E Z, and so, F E H. 

It remains to eliminate the possibility that some F in (ii) or in (hi) belongs to N. 
With the same reasoning as before, any F in (ii) can be presented as 

F: f{Q) ■ {a o v){Q) = f{Q) ■ {l o a o t){Q) = q-‘^f{Q){L o a){Q ), 

where / G (C”j,j(C* ))*'*. Suppose to the contrary that F E N. Then also F = 
F o (cr“^ o t) E N, where F\ Q ^ qn^f{Q)Q- Hence for any a E S(n) there exists 
a” E S(n) such that F o a = a" o F. Thus, for any Q = {qi,... ,qn) ^ C"j,j(C*), 

■ (76) 

Let Q be chosen so that Iqf < |gj| for f < j. Then both a and a" are uniquely 
determined by the images a{Q) and cr"(Q). Since by (76) these two sequences are 
proportional, we have a = a". So, (76) is equivalent to 

%l)fyQ))=yfiQ) VaGS(n), VQGCd(C*). (77) 

We claim that there is no function / G (Co,.(j(C*))^ satisfying (77). Indeed, these 
equalities mean that the function f/qf is S(n)-invariant. Hence f/qf descends to a 
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function, say, g G {C"'{C*)). By Lemma 6.14(a) we have g = sD^z\^ for some s G C* 
and /c, / G Z. Therefore, f = g o tt = sq^D^zl^. Since / is C*-invariant, we obtain 
n{n — l)k + n/ + 2 = 0. The latter equality is impossible whatever are k,l E 7^, because 
by our assumption n > 2, in particular, n /2. This proves our claim. 

The possibility that some F in (iii) belongs to N can be ruled out in a similar way. 
We leave the details to the reader. □ 

6.24. Next we turn to the case n = 2. Example 6.25 shows that Zinde’s Theorem 
does not hold any more for n = 2 (however, it is evidently true for n = 1). Note 
that for any n > 1, the automorphisms of as in (65) form a subgroup of the 

group AutC”(C*). We let Autzm denote this subgroup. Our proof of Zinde’s 

Theorem shows actually that for any u > 1, an automorphism F G AutC"'(C*) admits 
a lift to F G AutCQj.^(C*) if and only if F G Autzin In the following example 

we consider an automorphism U G AutC^(C*), which does not admit a lift to Cqj,j(C*). 
Hence Autzin C^(C*) 7 ^ AutC^(C*). In particular. Corollary 6.3 does not hold any 
longer for n = 2. 

Example 6.25. The affine surface C^(C*) is isomorphic to the complement \ (Ti U 
r 2 ), where the plane affine curves Ti and r 2 are given in the coordinates {zi,Z2) by 
equations 4^2 = 0 and Z 2 = 0, respectively. Consider the involution U G AutC^(C*) 
given in these coordinates as 

U: Q = (zi, Z2) i-A U{Q) = (zi, ^ 1/4 — Z2) ■ 

Then U extends to a triangular automorphism of the plane interchanging Ti and 
r 2 . Choose vanishing loops ai and (T 2 of Ti and r 2 , respectively, with the base point 
(4, 2) G Cl hxed by U. Then these loops are interchanged by U. According to Brieskorn 
([ 6 ]) the classes of these loops (denoted by the same letters) are the standard generators 
of the Artin-Brieskorn braid group B 2 = 7 ri(C^(C*)) = 7 ri(C^ \ (Ti ur 2 )). The induced 
graph automorphism F* of B 2 interchanges cxi and (J 2 , see Remark 6.2.1. It does not 
stabilize the pure braid group PB 2 = {a‘f,a 2 } C B 2 ; indeed, F*(PB 2 ) = (cri,(j|) 7 ^ 
PB 2 . Hence U cannot be lifted to Cqj.^(C*); see the proof of Corollary 6.3. 

Alternatively, the latter can be seen as follows. Assuming that there exists a lift U 
of U to Cq,.^(C*), it must be given for Q G Cq,.^(C*) by 

U-. Q = (gi, ^ 2 ) ^ + ^ _ 

However, due to ramihcations this formula does not dehne a morphism of Coj.(j(C*). 

Thus, U G AutC"'(C*) \ Autzin C”(C*), i.e., U is not one of the automorphisms as in 
(65). So, Zinde’s Theorem does not hold any longer for n = 2. 

The next result completes the description of the groups AutC"'(C*), n>2. 
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Theorem 6.26. We have AutC^(C*) = Autzm C^(C*) x (U), where U G AutC^(C*) 
is the involution as in Example 6.25. 

In the proof we use the following simple lemma. Consider the graph automorphism 
a G Ant WB 2 as in Remark 6.2.2. Given a group G, we let InnG stand for the group 
of inner automorphisms of G. 

Lemma 6.27. (Franzsen, [18, p. 21 ]) We have Ant WB 2 = (Inn WB 2 ) x (d). In par¬ 
ticular, the outer automorphism group Out WB 2 is a cyclic group of order 2 generated 
by the image of the graph automorphism a. 

Since the proof is not given in [18], we provide a short argument. 

Proof. In the notation of Remark 6.2.2 the conjugacy classes of WB 2 are 

Go = {e}. Cl = { 8182 }, C 2 = {sia, 820 '}, G 3 = { 81 , 82 }, G 4 = {a, 8 i 820 '} . (78) 

Any automorphism ft G Ant WB 2 induces a permutation of the set (Go, Gi, G 2 , G 3 , G 4 ). 
It is easily seen that ft preserves the classes Go,Gi,G 2 and either preserves or inter¬ 
changes G 3 and G 4 . Thus, the induced action of ft on the conjugacy classes yields a 
surjection /i: AutWB 2 —> S(2). Clearly, a ^ ker p, whereas InnWB 2 C ker p. It 
suffices to show that InnWB 2 = ker p. The latter holds indeed, since G 2 • G 3 = G 4 , 
and so, there are just 4 different possibilities for the action of an element ft G ker ji on 
WB 2 . However, it is easy to check that all these possibilities can be realized by inner 
automorphisms. Finally, our argument shows that 

Out WB 2 = Ant WBa/kerp = S(2) = Z/2Z 

is generated by the image of d. □ 

Remarks 6.28. 1. Let X be a connected and locally linearly connected topological 
space, and p G X a base point. Any continuous selfmap /: X —)■ X induces an 
endomorphism /*: 7 ri(X, p) —)■ 7 ri(X, p), which is well dehned up to a conjugation. 
That is, the coset [/*] of /* in End 7 ri(X, p) modulo the group Inn 7 ri(X, p) is well 
dehned. Moreover, the correspondence / e-)■ [/*] dehnes a homomorphism of semigroups 
EndX End 7 ri(X, p)/Inn 7 ri(X, p). which restricts further to a homomorphism 

Ant X —)■ Out TTi (X, p) = Ant tti (X, p) /Inn tti (X, p), 

where EndX and Ant X denote (in this context) the semigroup of continuous selfmaps 
of X and the group of homeomorphisms of X, respectively. 

2. Furthermore, the action of /* is well dehned on the set of conjugacy classes in 
7 ri(X, p). For / G AutX we let f\ be the induced permutation of the conjugacy classes. 
The correspondence /—)■/! yields a homomorphism AutX —)■ Bij G( 7 ri(X,p)) to the 
permutation group of the set G( 7 ri(X, p)) of conjugacy classes of 7 ri(X, p). 
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3. Let G be a group and H C G he a subgroup. If H is characteristic in G, then 
clearly Aut G and Inn G act on the quotient G/N, and there is a natural homomorphism 
Out G —j- Out (G/N). 

Proof of Theorem 6.26. By the Cohen-Paris’ Theorem [9, Proposition 2.4], the kernel 
CB 2 := ker(a; 2 : B 2 —)■ WB 2 ) is a characteristic subgroup of the group B 2 , that is, it 
is stable under the action of Aut B 2 . By virtue of Remarks 6.28 and Lemma 6.27 this 
leads to the natural homomorphism 

fl: Aut C\C*) Out B 2 ^ Out (B 2 /CB 2 ) = Out WB 2 = Z/ 2 Z (79) 

in the realization B 2 = 7 ri(C^(C*)). The involution U G AutC^(C*) as in Example 6.25 
induces the involution = a E Aut B 2 of Remark 6 . 2 . 1 , which descends to the graph 
involution a G AutWB 2 as in Lemma 6.27, see also Remark 6.2.2. Hence the image 
fi{U) generates the cyclic group Z/2Z in (79). 

We claim that ker/i = AutzinC^(C*). Indeed, in the notation as in (78) we have 
£2 = (£iG 2 ) = Go U Gi U G 3 C WB 2 , see Remark 6.2.2. It follows from the proof of 
Lemma 6.27 that StabAutwB 2 (^ 2 ) = ker/i = InnWB 2 , and so, Stabout wb 2 (^’ 2 ) = {id}. 

Furthermore, F G Aut C^{C*) belongs to Autzm C^(C*) if and only if the induced 
automorphism F* G Aut B 2 (whatever is its realization) stabilizes the subgroup PB 2 C 
B 2 , see the discussion in 6.24, if and only if the induced automorphism of WB 2 sta¬ 
bilizes the subgroup £2 C WB 2 , i.e., belongs to Inn WB 2 , if and only if F G ker/i, as 
claimed. 

Therefore, AutzinC^(C*) C AutC^(C*) is a subgroup of index 2 which does not 
contain U. Now theorem follows. □ 

7. The group Aut 

In this section we prove part (c) of Theorem 4.1. Let us recall this assertion. 
Theorem 7.1. For n > 2 we have 

Aut = C*, 

where s G C* acts on Q E via Q sQ. 

For the proof we need some preparation. Recall (see e.g. [1], [44]) that for n > 4 
the singular locus sing \ reg of is the union^^ of the Maxwell 

stratum and the Arnold caustic dehned by 

= P{{(ln-2 = Qn-l = Qn}) and = p{{qn-3 = gn-2, Qn-l = Qn}) , (80) 


^^This is not a stratification of sing S” ^ since fl A 
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where p is the projection (24). So, and consist, respectively, of all un¬ 

ordered n-multisets Q C C that can be written as Q = {gi,..., g„_ 3 , n, n, n} and 
Q = {gi, ...,g„_ 4 ,M,M,n,n}. 

Proof of Theorem 7.1. We start with the case where n > 4. Consider the isomorphism 

as in (28) of Lemma 2.20 with inverse ^|J = (p~^ given by (29). We can associate to 
any F G AutC"'“^(C*) an automorphism F = (p~^ oF oip e Aut(reg E(([“^). By Zinde’s 
Theorem, for n > 4 the automorphism F is given by (65). We have to show that, for 
F as in (65), the automorphism F extends to an automorphism of if and only 
if /c = 0 and e = 1, that is, if and only if F G Aut(C"'“^(C*)) belongs to the identity 
component Auto(C"'“^(C*)) = C*. 

Note that the C*-action Q sQ {s ^ C*, Q ^ C"'“^(C*)) on C"'“^(C*) induces a 
C*-action on regS^jj;^ given again by Q eA sQ (s G C*). The latter C*-action extends 
to so that the origin 0 G is a unique hxed point. This hxed point lies in the 
closure of any one-dimensional C*-orbit. 

Thus, without loss of generality we may restrict to the case, where s = 1 in (65), 
and so, F = F^^e'- Q 

The (Ant C*)-invariant function h „_2 G (C"'“^(C*)) yields an invertible regular 
function g = hn -2 o p on regEjjjj;^. An automorphism Fk'. Q ^ h\_ 2 Q of C"‘~^{C*) 
{k G Z) induces the automorphism Fk'. Q ^ g^Q of regEOj”^. 

The subgroup Auto(C"'“^(C*)) = C* of Aut(C”“^(C*)) being normal, an automor¬ 
phism F G Aut(C”“^(C*)) sends any C*-orbit in C"'“^(C*) into a C*-orbit of the same 
dimension. Since the function hn -2 is constant along the C*-orbits, the multiplication 
Q h^- 2 Q preserves each C*-orbit. Hence the automorphism ^: Q i-A h^_ 2 Q^ sends 
the C*-orbits in C"'“^(C*) into C*-orbits. It follows that Fk,e also sends the C*-orbits 
in reg into C*-orbits. 

The involution Q i—)■ Q~^ on sends any C*-orbit into another such orbit 

interchanging the punctures, while the multiplication Q i-A h^_ 2 Q preserves the punc¬ 
tures. Hence Fk^e interchanges the punctures of the C*-orbits in reg if and only if 
e = —1. ^ 

On the other hand, if F G Aut(reg E[([“^) admits an extension, say F, to an auto¬ 
morphism of then F should hx the origin. Indeed, F normalizes the C*-action 

on hence it preserves the unique C*-£xed point 0 G This point is a unique 

common point of the C*-orbit closures. Hence F cannot interchange the punctures of 
the C*-orbits in regEjjj”^. This proves that e = 1 for such an extendable F. 

The function hn -2 ^ 0^(C”“^(C*)) can be regarded as the rational function 
dn- 2 {z )/on where Zn -2 = (—l)””^ 11 ^= 1 ^ F- If has pole along the coordinate 


AUTOMORPHISM GROUPS OF CONFIGURATION SPACES 


45 


hyperplane Zn -2 = 0 , and h ~}_2 has pole along the discriminant hypersurface 
Y^n-3 _ = 0 }. It follows by (28) that g regarded as a rational function on 

has pole along the caustic fl and g~^ has pole along the Maxwell 

stratum see (80). Anyway, the automorphism Fk'. Q ^ g^Q 

of reg does not admit an extension to an automorphism of unless fc = 0 in 
(65). Thus, Fk^s e Aut(regE((i“^) admits an extension to an automorphism of if 
and only if fc = 0 and e = 1, as stated. This ends the proof in the case n > 4. 

Let now n = 4. The automorphism group AutC^(C*) is described in Theorem 6.26. 
Due to this theorem, any automorphism F G AutC^(C*) can be written either as 
F = F'oUoTasF = F\ where F' : Q ^ sg^Q’^ is as in (65), and U G AutC^(C*) 
is the involution as in Example 6.25. In the second case we have as before that F = 
o F o (f E Aut(regS^i^) admits an extension to an automorphism of if and 
only if £ = 1, fc = 0, and so, F G C*. 

Assume further that F = F' o U. The identity component C* of AutC^(C*) being 
normal, F preserves the family of C*-orbits in C^(C*). So does F = o F o (p e 
Aut(regS^i^) as well, since {p\ regS^^ —^ C^(C*) is C*-equivariant. 

Likewise in Example 6.25, we realize C^{C*) as \ {Ci U C 2 ) with Ci = {z 2 = 0} 
and C 2 = {zf — 4^2 = 0}. Since U extends to an automorphism of the ambient affine 
plane (denoted by the same letter), it sends any C*-orbits in C^(C*) into another 
one without interchanging the punctures. The same arguments as before prove that 
F does not extend to an automorphism of unless e = 1 and k = 0. Applying a 
suitable element of the C*-action on we may consider that also s = 1, and so, 
F' = id and F = U. 

We claim that F = U = ip~^ oU oip e Ant (reg E^j^) cannot be extended to an auto¬ 
morphism of E^i^, and so. Ant E^j^ reduces to its identity component C*, as required. 
Indeed, suppose that U does extend to an automorphism of E^c, which will be denoted 
by the same symbol U. Observe that the morphism = (p~^: C^(C*) -E reg E^j^ as in 
(29) extends naturally to a birational morphism -0: —?■ E^j^,. The latter morphism 
fits in the commutative diagram 

^2 -(j -2 


tp 


Ip 


sp2 U sr2 
^blc ^blc 


The morphism ip is surjective and sends Ci to the Maxwell stratum and 

C 2 to the Arnold caustic Furthermore, the restriction V'lcD Ci -E 

is a bijection, while '0|c2- C 2 —)■ has degree 2. However, the existence of a 

diagram of morphisms with these properties contradicts the fact that the involution U 
interchanges the curves Ci and C 2 - This completes the proof in the case n = 4. 
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In the remaining case n = 3 the plane affine curve 
and so, Ant = C*, as desired. 


is a standard cuspidal cubic, 

□ 


8 . The group AutCy^^(C) revisited 


In this section we give an alternative proof of Theorem 4.1(a) following the lines of 
the proof of Zinde’s Theorem in Section 6 . For the reader’s convenience we recall this 
statement. To make a link to Zinde’s Theorem, it will be convenient to replace n by 
n + 1 in Theorem 4.1(a). 

Theorem 8.1. For any n > 1 we have AutC{(j^(C) = C*. Any automorphism F G 
AutC0[“^(C) is of the form Q ha sQ, where s G C* and Q G C0[“^(C). 


The reader can hnd two different proofs of this result in Sections 6 and 10. Both of 
them refer to Tame Map Theorem. The alternative proof given below avoids addressing 
Tame Map Theorem. In turn, by Proposition 3.3, Tame Map Theorem in the particular 
case of biregular automorphisms of the conhguration spaces C^^idC) and C^{C*) can be 
derived from Theorem 8.1 and Zinde’s Theorem proven in Section 6 , respectively. 

Notation 8.2. For Q = (gi,...,g„) G Cq,.^(C*) we let as before bc(Q) = 

Consider the map 

( 77 77 \ 

Q-^bc(g), -— bc(Q) . (81) 

n +1 n + 1 J 

This map is an isomorphism with inverse 

F ^ • ^blc,ord(^) • • • ) Qn+l) (^1 — Qn+l, • • • , “ Qn+l) ■ (82) 


Proposition 8.3. For n > 1 the isomorphism tp as in (81) fits in the commutative 
diagram 


Cd'(C") X e 


V . nn tm* 
‘-'ordl'^ 

/S(n) 


c 


blc,ord(^) 

/S(n+1) 


(83) 


C^{C* 


Qc(C) 


where 


(i) the vertical columns are Galois coverings with the Galois groups S(n) and S(n + 
1), respectively, acting by permutations of coordinates. Furthermore, rj is an 
isomorphism as in (68), and is an unramified n-sheeted covering; 

(ii) ^ conjugates S(n) with the stabilizer Stabs(n+i)(P' + 1) C S(n + 1); 

(iii) the morphisms in (83) are eguivariant with respect to the free C*-actions Q ha 
sQ, s E C*, on each of the four corners of the sguare, and the standard C*- 
action on the second factor of (C**) x C* identical on the first factor; 

(iv) the automorphisms of each of the varieties in (83) preserve the family of the 
C*-orbits on this variety. 
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Proof. The assertions (i)-(iii) can be verified without difficulty; (iv) follows from (hi) 
due to Corollary 6.9. □ 

8.4. The proof of Theorem 8.1 starts as follows. Given F G AutCyc(C), we lift it 
to an automorphism F of qj.(j(C), and then conjugate with an automorphism F' 
of X C*. Due to Proposition 6.10(a), the resulting automorphism F' has a 

triangular form F': {Q',y) eA {SQ', A{Q')y), see Notation 6.7. The next lemma makes 
this first step possible. 

Lemma 8.5. Any automorphism F o/Cyj,(C) admits a lift to an automorphism F of 

c^kUC). 

Proof. By virtue of (27) we have ^^^.(C) x C = C”+^(C). Hence 7ri(Cbij,(C)) = 
7 ri(C"''''^(C)) = An is the Artin braid group with n + 1 strands. Simi¬ 
larly, the isomorphism ^^.^(C) x C = Cqj.j^(C) yields an isomorphism 
^i(Qic,ord('C)) = 7ri(C”’(j^(C)) = PA„, where as before PA„ C A„ is the pure 
braid group on n -|- 1 strands. By virtue of Artin’s Theorem ([2, Theorem 3])^^, PA„ 
is a characteristic subgroup of A„. Therefore, the induced automorphism F* of A„ 
(which is well defined modulo an inner automorphism of A„) preserves the subgroup 
PA„. Now the assertion follows by the monodromy theorem. □ 

Notation 8.6. Consider the subgroup 

S = Ip-^Sin + l)lp C AutCd(<C*) 

conjugated with S(n -|- 1) C AutC(([^ Qj,j(C) via tp. We let N = NormAutC" j(c*)(S) be 
the normalizer of S in AutCQj.^(C*). 

By Lemma 6.4, N is isomorphic to the subgroup in AutCbij,oj,jj(C) of all lifts of the 
automorphisms from AutC(([^(C). The next corollary of Lemma 6.4 is immediate. 

Corollary 8.7. We have AutCyj,(C) = A/S(?7, -|- 1). 

8 .8. In Proposition 8.13 we show that N = C* x S(n -|- 1), and so, by Corolary 8.7, 
AutC(([j.(C) = C*, where in both cases we mean the standard diagonal action of C* on 
^bicord(^) ^bic(^); respectively. This proves Theorem 8.1. 

Remark 8.9. We let as before cTj = (i,i -1- 1) G S(fc) for k > i. Note that for any 
i = 1,..., n — 1 the natural actions of the transposition cTj on the varieties in the upper 
line of (83) are mutually conjugated via the isomorphisms rj and Ip. In other words, 
the natural S(n)-action on is conjugated with the Stabs(n+i)(77-|- l)-action on 

Cbic,ord(C) and the (Stabs(n+ 2 )(’r -h 1) n Stabs(n+ 2 )(’r 2))-action on C”';j^(C**) x C*, 


^^See [ 38 , Theorem 10 ] for a more general result. 
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where S(n + 2) is identified with Aut x {id} C Aut(C"j,j^(C**) x C*), see 
Lemma 6.11. 

The transposition an = (n, n + 1) G S(n + 2) acts on via 

Q = {Qu • • •, Qn-i) ^ a{Q) = («(gi),..., a(g„_i)), 

where Q G and a{z) = 1 — z for z G C. The action of the transposition 

cr„ G S(n + 1) C AutCy(.ord(^) ^Wcord(*^) givcs rise to the involution, say, g on 
Cd(C*), where 

g = (^-1 O cr„ O ^ G S, Q = (gi,..., g„) H- (gi - g„,..., g„_i - g„, -g„) . (84) 

In turn, g gives rize to the involution (an,S) on x C*, where S(z) = —z for 

z G C*. Thus, in the notation of 6.19, 

p(g) = p(p~^ oanop) = p(an, 5) = G S(n + 2) = H 2 , (85) 

where p : AutCQj.^(C*) = Hi yi ^ H 2 is the natural surjection. 

These observations lead to the following lemma. 

Lemma 8.10. Letting N 2 = Norms(n+ 2 )(p(S)) C H 2 = S(n + 2) we have 

N 2 = p{S) = Stabs{n+2){n + 2) C N . (86) 

Proof. According to Remark 8.9, the isomorphism p conjugates ai G S(n + 1) C 
AutCbij.oj,(j(C) to ai G S(n) C AutCoj.d(C*) for i = 1,... ,n — 1, and to 5 o G 
AutCQ,.^(C*), where 6 e C* C N, 6: Q —Q, see (85). The latter projects further to 
an G S(n + 2) under p, see again (85). Hence p(S) = Stabs(n+ 2 )(’L + 2) C S(n + 2). 
The normalizer of the subgroup Stabs(n+ 2 )(’i- + 2) = S(n + 1) in S(n + 2) coincides with 
this subgroup. These observations yield the equalities in (86). 

We have S = p“^S(n + 1)^ ^ S{n + 2) = H 2 . Indeed, p~^anP = 5an by (85). 
Nevertheless, p(S) = Stabs(n+ 2 )(ii- + 2) C A^, since C* <Z N and S C A^ by definition of 
N, see 8.6. Hence C* ■ S C A^, and, in particular, an = p{han) = h(dan) G N, because 
dan G S C A". It remains to note that also S(n — 1) C S C A^", see Remark 8.9, and so, 
p(S) = (S(n - l),p((5(Tn)) C iV. □ 

8.11. By Lemma 6.15 we have p(tV) C N 2 . Due to Lemma 8.10 and decomposition 
(74), any automorphism F E N admits one of the following presentations: 

(i) F: Q f{Q) ■ a{Q) and (ii) F: Q t-A/(Q) ■ (r o a)(Q), (87) 

where Q G Cd(C*), / G O"(^^(C*))^*, a G Stabs(n+ 2 )(n + 2) = S(n + 1) C S(n + 2), 
and r: Q I—)■ as in (75) generates the factor Z/2Z in (74). 

Lemma 8.12. Let F E N he as in [i] (as in (ii), respectively). Then the function f 
(Qn'^fj respectively) is S-invariant. 
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Proof. We have: F & N ii and only if F o G N. Indeed, a G p{S) G N hy Lemma 
8.10. Thus, it suffices to prove the assertions for the automorphisms F E N oi the 
forms 

(i') F:Qh^f{Q)Q and (ii') F: Q q-^f{Q)Q , 
where Q G C2,^{C*) and / G 

To this end, consider the quotient morphism 

with respect to the natural diagonal PSL(2, C)-action on (see Remark 6.12). 

It admits a section 

9 Q = (gi, • • •, Qn-i) ^ (gi,...,gn-i,o, i, oo) g . 

The latter leads to a PSL(2, C)-equivariant factorization 

9: C+2(P^) ^ Cd'(C") X PSL(2,C) ^ Cd'(C") • 

The S(?7, + 2)-action on lifts naturally to the direct product, and then also 

to C”j,j^(P^), where it acts via permutations of coordinates, see Remark 6.12. Consider 
natural isomorphisms 

C»^(Cd(C*))^* = 0^(Cd'(C**) X ^ 

^ r(C>^(C”-^(C”))) = C)X(C"+2(pl))PSL(2,C) _ 

Any function / G (C”j,j(C*))^* lifts through this chain of isomorphisms to a function 
/ G (9^Respectively, an automorphism F G iV as in (i') lifts first 
to a triangular automorphism 

F(id, A) G Aut(C^'(C")xC*), Q = {Q',q) ^ iQ'J{Q')q) for all Q G C^'(C”)xe, 
and then to 

F e Aut(Cy(P‘) X C-), 0 = (O', g) ^ (O', /(O')?) for all Q e Cf (P') x C . 

where, as before, / G C)x ('^n+ 2 j'pi^^psL( 2 ,c) jg j Since F E N, the au¬ 

tomorphism F normalizes the subgroup S(n -|- 1) = Stabs(n+ 2 )(’ 2 . -|- 2) C S(n -|- 2) 
acting naturally on C”,.’^^(P^) x C* identically on the second factor. Hence for any 
a E S(n -I- 1) there exists a' E S(n -I- 1) such that F o a = a' o F, where for any 
Q = {Q', q) E C+2(pi) X C* we have 

F o cr: Q i-A {a{Q'), f{^{Q'))q) and a' o F: Q H- {a'{Q'), f{Q')q) ■ 

Thus the equality F o a = a' o F holds if and only if a = a' and f o a = f. Hence 
/ is S(n -|- l)-invariant, and F commutes with the S(n -|- l)-action on x C*. 
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Since S = riS{n + l)ri ^ C AutCQj.^(C*) (see (83)), it follows that the function / G 
is S-invariant.^ 

For an automorphism F G iV as in (ii'), the same argument shows that the function 
q~^f is S-invariant, as reqired. □ 

The next proposition ends the proof of Theorem 8.1. 

Proposition 8.13. In the notation as in 8.8-8.10 we have N = C* x S(n + 1), where 
the subgroup C* C N acts on via (s, Q) ha sQ for s G C* and Q G C”j(C*). 

Proof. Consider first F G iV as in (87(i)). By Lemma 8.12 the function / in (87(i)) is 
S-invariant. Hence / is S(n)-invariant, where S(n) C S acts on Cqj.j(C*) via permu¬ 
tations of coordinates. It follows that / = sh^ for some s G C* and fc G Z, see 6.16. 
Furthermore, / is (T„-invariant, where cr„ G S(n-|-1) acts on via the involution 

g in (84). The latter invariance translates as the identity 

sh^(Q) = sh^(p(g)), 

which is definitely wrong unless k = 0, and so, / = s G C*. Thus, in case (i) we have 

Fee*. 

It remains to eliminate the possibility that some F as in (87(ii)) belongs to N. By 
Lemma 8.12, in this case the function q~^f G (9^ (Cqj.^(C*)) is S-invariant, and, in 
particular, S(u)-invariant, while / is C*-invariant. However, for n > 2 these lead to a 
contradiction in the same way as in the proof of Proposition 6.23, case (ii). Indeed, an 
argument in this proof shows that for n = 2 the condition q~‘^f G (C"j,j(C*))^*^®^”^ 
implies the equality q~‘^f = sd^/z^'^^ for some s G C* and k e Z. The latter function 
is also p-invariant. Using (84), this can be translated as the identity 

(-l)V*+' = (?i-?2)“+' for all 

which is definitely wrong whatever is G Z. □ 

9. The group Aut ^C^ic 

In this section we prove Kaliman’s Theorem 4.1(b) in the remaining case n = 4. Let 
us repeat this statement. 

Theorem 9.1. We have AutiSCyc — Z,/12Z, where ( G Z/12Z acts on SC^^c 
g HA eg for Q G >SCbic- 

The proof is done in Subsection 9.2. In Subsection 9.1 we construct an elliptic 
hbration -A over an elliptic curve iSCbic- Ifs hbers and the base curve 

are smooth affine plane cubics with one place at inhnity. The group /ii2 of the roots 
of unity of order 12 acts naturally on iSC^ic preserving the hbration. The action of 
— 1 G /ii2 yields the hyperelliptic involution on each hber. We show in Subsection 9.2 
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that any automorphism F G AutiSC^ic acts as an element of pi2. This gives a proof of 
Theorem 9.1. 

9.1. Elliptic fibration of SCh^. Given a quartic polynomial 

f{X) =X^ + Z 2 X^ + Z 3 X + ;24 (88) 

we consider its cubic resolvent 

RsiX) = X^ + viX‘^ + V2X + ns , 

where 

vi = —Z2^ V2 = —4^4, and ns = 4^22^4 — z^ . 

If gi,..., g4 are the roots of /, then, up to reordering, the roots of i?s are 

Ai = qiq2 + g3<?4, A2 = gigs + g2g4, and As = gig4 + g2g3 • 

We have discri?s = discr /. 

The Tschirnhausen transformation gives the cubic polynomial 

g{Y) = R,{Y + Z 2 / 3 ) = Y^ + U 2 Y + ns, (89) 

where 

n2 =—2:2/3 — 4^4 and ns = 82:22:4/3 — 2^2/27 — 2:3 . (90) 

Once again, we have discr g = discr R^ = discr /. 

The balanced special conhguration space iSC^ic can be realized as the surface in 
with coordinates (2:2, 2;s, 2:4) given by equation discr / = 1, and the balanced special 
conhguration space as the curve in with coordinates (n2, ns) given by equation 

discr g = — (4n2 + 27ns) = ^ > (91) 

where / and g are as in (88) and (89) respectively. Clearly, SCl^^c a smooth affine 
surface and is a smooth affine elliptic cubic curve with one place at inhnity and 
zero j-invariant. Since discr g = discr /, the correspondence 

^ • ‘^^bic f ^ 9 , 

yields a surjective morphism given by formulas (90). 

Lemma 9.2. In the notation as before, the morphism vr: ^ yields an 

elliptic fibration on SCh^. The fiber E{P) = vr*(P) over a point P = {u 2 ,ufi) G 
is a smooth, reduced elliptic cubic with one place at infinity and with j{E{P)) = 2®3^n|. 

fact, the choice of a cubic resolvent is irrelevant for our purposes. 
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Proof. Since discr g = discr /, plugging the expressions for U 2 and from (90) into 
(91) gives the following equation of in where ^ = {z 2 , zs, z^)-. 

- 4^4)3 + 27(8^2^4/3 - 2^3/27 - zlf = -1. (92) 

We can equally realize SCl^y^ in where u = {u 2 ,U 3 ), as intersection of three 

hypersurfaces given by equations (90) and (91). It is convenient however to simplify 
the latter system by eliminating the variable z^ from (90). In this way we arrive at the 
relation 

^3 = ^2 + 92 Z 2 + 93 , (93) 

where 

Z 2 = - 2 ^ 2 / 3 , 92 = U 2 , and 93 = -U 3 . 

This yields an embedding of SC^y^ in with coordinates (^ 2 , ^ 3 , M 2 , M 3 ) onto the com¬ 
plete intersection of two hypersurfaces given by (91) and (93). Then the morphism 
tt: iSCbic —t ‘SCbij. coincides with the restriction to SC^y^. of the standard projection 

(z2,^3,M2,M3) H- (m2,M3). 

For a general point (m 2 ,M 3 ) G equation (93) dehnes a smooth elliptic cubic curve 
E = E{u 2 ,U 3 ) in Cfz 2 Z 3 ) with one place at inhnity. The member of this family of 
elliptic curves in over a point {u 2 , M 3 ) G is singular if and only if the polynomial 
h{Z) = + g 2 Z 2 + 93 has a multiple root, if and only if its discriminant vanishes, i.e., 

discr h = — (dgf^ -|- 27g^) = —{4:ul -|- 27 ^ 3 ) = 0 . (94) 

Any nonsingular member is a reduced and irreducible elliptic cubic with one place at 
inhnity. Since (91) and (94) are incompatible, the induced elliptic hbration on the 
surface SC'ly^ C has no degenerate hber, as stated. 

Finally, the formula for the j-invariant in the lemma is the classical one, where the 
denominator disappears because of the equalities discr h = discr g = 1 . □ 

9.2. Proof of Theorem 9.1. In this subsection we give a proof of Theorem 9.1. 

We let fin stand for the group of nth roots of unity acting on C in a natural way. 
The group fi 3 x fi 2 = fiQ = TLj^oL acts on via 

(m 2 , M 3 ) t-)- (Cm 2 , ^ms), where C e /i 3 , f ^ +2 , 
or, in other terms, via 

(m 2 ,M 3 ) i-A ( 6 *^n 2 , 6 '^M 3 ), where 6 e fie. (95) 

Recall that j(iSC(,ij,) = 0 and AutiSCbij. = fie with the action of fie on iSCbic as in (95); 
see, e.g., [24, Ch. 12, Remark 4.8] or [21, Ch. IV, Corollary 4.7]. 

We claim that any automorphism E G AutiSC^j^ preserves the elliptic hbration 
tt: iSC^ic —t iSCbic as in Lemma 9.2. Indeed, our family E{P), P G iSCbic, is not 
isotrivial, i.e., the j-invariant j{E{P)) = 2^?)^u\ is a non-constant function of P G 
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5Cbic- If -P = = (0, ± 1 x 3 ) e where U 3 = i'/3/9, then j{E{P)) = 0, and if 

P = {u2, 0) G iSCbic) where = — 1/4 G M, then j{E{P)) = 12^ = 1728. For a general 
point P G fhs j-invariant j{E{P)) is different from 0 and 1728. 

Assume that there is an automorphism P G Ant iSC^ic f does not preserve the 
hbration vr. Then for a general hber E{P), the morphism vr o E\e{p) ■ E{P) —> iSC^ic is 
non-constant. It extends to the projectivizations E{P) and of E{P) and 

respectively, sending the point at inhnity of E{P) to the point at inhnity of Thus 

7ioE\e(p)-. E{P) -)■ 5Cbic is an isogeny. However, the set of all elliptic curves isogeneous 
to 5Cbic is countable, see [21, Ch. IV, Exercise 4.9.b]. This yields a contradiction. 

Thus for any P G iSCyc we have P{E{P)) = E{P') for some point P' G iSCyc- The 
correspondence </?: P P' dehnes an automorphism of iSC^ic- This gives a homomor¬ 
phism p: AutiSC^i^ — j- AutiSCyc) -P I— )■ <p, where G AutiSCy^, = /ig acts as in (95) for 
a certain 6 E fiQ. 

Consider the action on of the cyclic group /ii 2 = Z/12Z via 

{Z 2 , Z 3 , U 2 , U 3 ) H- {C^Z 2 , C^Z 3 , C‘^U 2 , C^^s), where C ^ pi 2 • (96) 

The projection vr; iSCgij, —)■ iSC^ic induces the surjection /ii 2 —)■ pe, C C^- It follows 
that p: AutiSCgij, —)■ /ig is a surjection. Theorem 9.1 claims that in fact AutiSCgi^, = 
P12. To conhrm this claim, it suffices to establish the equality her p = p2, where p2 acts 
on iSC^ic via (96) with ( G {1, —1}. This action restricts to the hyperelliptic involution 
on any hber of vr. 

Suppose that E G her p, i.e., p = id, and so, E preserves each hber of vr. For a hber 
E = E{P), the automorphism a = E\e G Ant E extends to an automorphism a of the 
projectivization E of E. The extended automorphism a hxes the unique point of E at 
inhnity. This point is a hex of the cubic E that can be chosen for zero of the group 
low on E. Any automorphism of E that hxes the zero point is a group automorphism. 
Hence also a is. 

For a general point P G iSCyc the value j{E(P)) is diherent from 0 and 1728. So, 
the hyperelliptic involution of E{P) is a unique non-identical automorphism preserving 
the point at inhnity, see [21, Ch. IV, Corollary 4.7]. Thus a = E\e G Ant E is either 
identical or the hyperelliptic involution. Hence the kernel ker p = p 2 is contained in 
P 12 . It follows that the group AutiSCgi^, coincides with pi 2 acting on via (96), 

where the latter action is induced by the action Q 1 —)■ (Q for ( G pu and Q G 
This proves Theorem 9.1. □ 

The following example is essentially borrowed in [33, §8, 2.2] (cf. [37, §14.1]). It 
shows that Kaliman’s theorem on endomorphisms does not hold any longer for n = 4, 
although it does hold for automorphisms in this case as well, see Theorem 9.1. 
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Example 9.3. Consider the endomorphism 

( 97 ) 


where (p is an isomorphism of iSC^c onto the hber E(Pf^) over the point Pq^ = 
{0,iV3/9) e 5Ci„. Such an isomorphism exists since j{E{PQ)) = j(SCl^i^) = 0. 
In contrast with the case n 7 ^ 4 in Kaliman’s theorem, E is not an automorphism. 

More explicitly, an endomorphism E as in (97) can be given as follows. Note that 
the curve E{Pq) on the surface C is contained in the complete intersection 
given by equations (92) of and U 2 = 0. The latter intersection is a disjoint union 
of the hbers E{P^) of vr with j = 0. The equation M 2 = 0 is equivalent to 12^4 + 2(2 = 0, 
see (90). Consider the family (Pa,^) of endomorphisms of dehned by 


Fa,b- (^2, ^ 3 ; ^4) t {U2,U3) ^ 


^au2,bu3, 


{au2f\ 
12 J 


where a, 6 G C and U 2 , M 3 are given by formulas (90). In other terms, 

Fa,b- f = + Z 2 X‘^ + Z 3 X + Z 4 HA Ea^bif) = X'^ + au 2 X‘^ + bu^X — . 

A simple computation shows that discr(Pa 7 ,(/)) = —(l/27)(8a^M2 + 276^M|)^. Choosing 
the constants a and b such that and b^ = f3\/3 we obtain the equality 

-(1/27)(8a^M^ + 27b\lf = (4m^ + 27ulf , 


and so. 


discr(P„, 6 (/)) = (discr(^))^ = (discr(/))2 , 

see (91). With this choice of constants, P = Ea^b yields an endomorphism with one¬ 
dimensional hbers of every one of the spaces iSC^ic, and C Moreover, we 
have E{SCli^) C E{Pq ) UP(Pq"). Acting with the subgroup yU2 x ^,3 C /X12 = Ant SCh^ 
(see (96)) we can achieve in addition that P(iSCbic) = E{Pq), and so, P hts in (97). 


The next example is an algebraic counterpart of the previous one. 


Example 9.4. Recall that for n > 4, the subgroup A (^_4 ft PA.„_i C is stable 

under any endomorphism of A'^_j^, see the discussion following Theorem 4.1. This does 
not hold any longer for n = 4. Indeed, recall the presentation ([20, Theorem 2.1]) 

Ag = (s, f, M, M I usu~^ = t, utu~^ = vsv~^ = s~^t, vtv~^ = , 

where 

S = CTsCTf^ t = (T2CT3Cr7V2'\ M = Cr2CTf\ V = (Ti(T2a7^ . 

We have Ag = T xi R, where T = {s,t) = F 2 is a normal subgroup of Ag and V = 
(m,m) = F 2 . Consider the composition f = i o p e End Ag, where p: Ag —)■ R = Ag/T 
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is the quotient morphism and i\ V T Ag an isomorphism onto the subgroup 
T. We have 

/:si-A 1 , ti-Al, Mi-AS, neAt. 

We claim that uv G PA3, whereas f{uv) = st ^ PA3. Indeed, the images of u and 
V in the alternating group A( 4 ) C S( 4 ) are mutually inverse three-cycles, while the 
images of s and t are products of independent transpositions, which generate the Klein 
four-group K C A( 4 ). Thus, the subgroup Ag n PA3 of Ag is not stable under /. 

We claim that, likewise /, the endomorphism F* G End7ri(iSCbic) = EndAg does 
not preserve the intersection Ag fl PA3. Implicitly, this follows from the proof of 
Kaliman’s Theorem in [37, Theorem 12.13]. Indeed, this proof shows that, if H is 
an endomorphism of such that preserves the subgroup Ag fl PA3, then H G 
AutiSCbic- Let us give a direct proof of our claim, which uses some ideas from [20]. 

The homotopy exact sequence of the fiber bundle vr: with general 

fiber E = E{P) is 

1 -)■ 7ri(F) -)■ 7ri(iSCbic) —^ 7ri(iSCbic) ^ 1 • 

This leads to a semi-direct product decomposition Ag = 7ri(iSCbic) = i? x A, where 
A = 7ri(5Cbic) — IF 2 and B = vri(F) = F 2 , cf. [20, Corollary 2.7] (cf. also [37, §14.1]). 
Let us show that T = B. 

Indeed, T is the intersection of the members of the lower central series of the group 
A'g, see [20, Theorem 2.10.a]. Hence the image of T in the quotient group A'g/F = A 
is the intersection of the members of the lower central series of the group A = F 2 . The 
latter intersection is trivial due to a theorem of Magnus ([41]; see also [31, Ch. IX, §36]). 
Thus T C B. Hence V = Ag/T = (B/T) x A. Due to another theorem of Magnus 
([41, §5, VHI]; see also [45, Theorem 41.52]), a free group of finite rank is Hophan, 
i.e., it does not admit an isomorphic proper quotient group. Since A = V = F 2 , this 
implies that B/T = 1, and so, T = B. 

It follows from our constructions that the endomorphisms F* and / of Ag with the 
same image T = B and the same kernel T = B differ by an automorphism, say, a of T. 
The image of T in the alternating group A( 4 ) is the Klein four-group K. The images 
of a(s) = F*(n) and a{t) = F*(n) generate K. Hence the image of E^,{uv) = a{st) in 
K is different from 1. Once again, we have uv G PA3, while E^{uv) ^ PA3. Thus, the 
subgroup Ag n PA3 of Ag is not stable under the endomorphism F* G EndAg. 

10 . Holomorphic endomorphisms of the balanced configuration space 

In this section, C>^^j(Z) stands for the multiplicative group of the algebra C>hoi(^) of 
all holomorphic functions on a complex space Z, and C>hoi,+ (^) for its additive group. 
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By (27), any holomorphic endomorphism / of extends to a holomorphic en¬ 
domorphism of C"'. Such an extension is non-Abelian whenever / is non-Abelian^^. 
The minimal extension F given by F{Q) = f{Q — bc(Q)) for all Q & maps C"" to 
C C", see (26). 

Among the affine transformations of C acting diagonally on C^, only the elements of 
the multiplicative subgroup C* C Aff C hxing the origin 0 G C preserve the balanced 
conhguration space C C”. Let S denote this C*-action on each of the spaces 

C” and and let C>^oi(^bic^) the subalgebra of Ohoi(Cbic^) of all iS-invariant 

functions. 

For any configuration Q° G its C*-stabilizer Stc*(Q°) = {C £ C* | C ■ = Q°} 

is a cyclic rotation subgroup in C* of order < n permuting elements of Q°. If n > 3, it 
follows that the set {Q° G | Stc*(Q°) ^ {!}} is a Zariski closed subset in of 
dimension 1 and {Q° G | Stc*(Q°) = {!}} is a Zariski open dense subset of 

Definition 10.1. We say that a holomorphic self-map / of is C*-tame, if there is 
a holomorphic function h: —)■ C* such that f{Q°) = h{Q°) ■ Q° for all Q° G 

Note that the cohomology group i7^(C0[“^,Z) = Z of the Stein manifold is 
generated by the cohomology class of the discriminant D^Ln-i (see (2)) restricted to 

'^blc 

Hence any function h G C)hoi(^bic^) t)e written as h = with some 

X G C>hoi(Cbic^) and m G Z. 

The results below, stated in [32] and [33, Sec. 8.2.1], are simple consequences of the 
analytic counterpart of Tame Map Theorem (see [37] or [38] for the proof) and the 
facts mentioned above. 

Theorem 10.2. For n > 4 every non-Abelian holomorphic self-map f of is C*- 
tame, i.e., it can be given by 

/W°) = W)d™(o.) 0'= • 0° for all 0° e Q;'. (98) 

where x ^ C)hoi(Cbic^) and m G Z. 

Proof. The map / admits a holomorphic non-Abelian extension F\ ^ C C” 
defined by F{Q) = f{Q — bc(Q)) for all Q G C". By the analytic version of Tame Map 
Theorem, F{Q) = A{Q)Q + B{Q) for all Q ^ C"' with A G and B G (!lhoi(C”)- 

Since C C” and bc(Q°) = 0 for any Q° G we see that 

f {Q°) = a{Q°)Q° + b{Q°) for all Q° G , where a = ALn-i and 6 = HLn-i . 

'^blc '^blc 

Moreover, 6 = 0. Indeed, the condition hc{f{Q°)) = bc((5°) = 0 implies that 

6 (Q°) = a(g°) bc(Q°) + 6(g°) = bc(a(g°)g° + 6(g°)) = bc(/(g°)) = 0 

^^The latter means that the image of the induced endomorphism of the corresponding fundamental 
group is non-Abelian, see the Introduction. 
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for all e and 

a = e^D'^ for some m G Z and x £ C>hoi(Cbic^) • 

This proves (98). □ 

Theorem 10.3. Let n >3, and let f = fx,m- ® holomorphic map as 

in (98). Then the following hold. 

(a) The map f is surjective^^, and the set is discrete for any Q° G . 

This set consists of all points to ■ Q°, where oj G C* is any root of the system of equations 

. Qo ^ Qo ^ ^ 99 ) 

which always has solutions. 

(b) The map f is proper {in the complex topology) if and only if x ^ ^hoi(^bic^)- 

this case f: —)■ is a finite unramified cyclic holomorphic covering of degree 

N = mn{n — l) + l. The corresponding normal subgroup f*{T^i{Clffi^)) of index N in the 
Artin braid group A„_i = T^i{Clfff.^) consists of all the elements g = •.. .■cr™'’ G A„„i 

such that N divides mi + ... + mg, where {ai ,..., cr„_i} is the standard system of 
generators of A„_i. Every two such coverings of the same degree are equivalent. 

(c) The map f is a biholomorphic automorphism ofCf^f.^ if and only if it is of the form 

f{Q°) = . Q° Jqj- Qjiy Q° g and some x ^ ^ho\{^h\c^)- Every automorphism 

is isotopic to the identity and AuthoiC^j”^ = _,_(C0j“^)/27rzZ. 

(d) If f is regular, then x = const and so f{Q°) = cD'ff{Q°) ■ Q° for all Q° G 

where c G C* and m G Z. Every biregular automorphism f of is of the form 

f{Q°) = s ■ Q°! Q° £ ^blcS where s G C*. In particular, the group of all biregular 
automorphisms AutC^j”^ is isomorphic to C*. 

Proof, (a) Given a configuration Q° G we set 

^/,Qo(a;) for any u; G C*. (100) 

Clearly ifqo g C^hoi(^bic^) '^Q° 7^ const, since mn{n — 1) + 1 7 ^ 0 and 
cannot be a non-constant rational function of cj G C*. Hence, by the Picard theorem, 
fjQo{C*) = C*. According to (98), we have 

f{u ■ g°) = ■Q°)-u-Q° = ■ Q° = fjqo{u) • Q° . 

Thus, taking w G C* such that 'tpQo{bj) = 1, we see that Q° G f{Clffi^)- Hence / is 
surjective. Furthermore, all such u satisfy the system of equations (99). Since the 
stabilizer Stc*(g°) is finite, all solutions 00 of (99) form a hnite union of countable 
discrete subsets of C*. Thus the set f~^{Q°) is countable and discrete. 

view of Theorem 10.2, for n > 4 any non-Abelian holomorphic endomorphism of is 

surjective. 
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(b) If / as in (98) is proper then is finite for any Q° G This is possible 

only when the exponent x(a; • Q°) in (99) and (100) does not depend on w G C*, i.e., 
the function v is iS-invariant. Then, for any hxed Q°, the function (100) takes the form 

iPQoioo) = ^Qo{uj) = . 

The latter function is homogeneous of degree N = mn{n — 1) + 1, and the equation 
'ipQo^u) = 1 has precisely N distinct roots ui,... ,un- If the stabilizer Stc*(g°) is 
trivial, then consists on N distinct points uJiQ°,... If Stc*(g°) 7 ^ {1}, 

then, to hnd the preimage we have to solve the inclusion 'ipQo^oj) G Stc*(g°). 

Fix some ojq such that ifjQoiojQ) = 1, take any solution cu G C* of the above inclusion, 
and set A = cu/cuq. Then 

A''=(-) =^^ = ’?o"HeStc.W°). (101) 

\^ 0 / IPqo^UJq) 

The preimage of Q° consists of all conhgurations ujQ° = u)qXQ°, where A runs 

over all solutions of the inclusion (101). All such conhgurations uo\Q° form a periodic 
sequence uoX^Q°, A; G Z>o, with period N; therefore, this sequence contains precisely 
N distinct elements. It follows easily from these facts that /: —?■ is an 

unramihed cyclic covering of degree N. 

The proof of the other assertions in (b) is easy, and we leave it to the reader. 

(c) For a given y G we let /i(Q°) = and MQ°) = 

It follows from the iS-invariance of y that fi{f 2 {Q°)) = f 2 {fi{Q°)) = Q° for every 
Q° G Thus fi and /2 are mutually inverse biholomorphic automorphisms of 

^bic^- prove the converse note that any automorphism is a proper map. According 
to Theorem 10.2 (formula (98)) and part (b), such a map is of the form Q° i-A 
with y G C>fQi(C0i“^). The other two assertions of part (c) are clear. 

(d) A map as in (98) is regular if and only if y = const, i.e., 

f{Q°) = sD^{Q°)-Q^ for all g° G where s G C* and mGZ. 

It is a biregular automorphism of if and only if m = 0. Hence Aut F^”^ = C*. □ 

Remark 10.4 {Dimension of the image). In what follows we assume that n > 4. 
According to [38, Theorem 14], for X = C or and any non-Abelian holomorphic en¬ 
domorphism F of F"’(X) we have dimcX(F”(X)) > n — dimc(AutX) -|- 1. Moreover, 
by [38, Remark 7] or theorems 10.2 and 10.3 (a) above, for X = C the composition 
TT o F of any non-Abelian holomorphic endomorphism F of F” with the projection 
tt: F" —is surjective, so that dime A(F"') > n — 1. Clearly, the latter bound 
cannot be improved. Seemingly, for X = P^ no example of F with dime F(F"'(P^)) < n 
is known. Zinde ([51]) proved that for X = C* any non-Abelian holomorphic endo¬ 
morphism of F”'(C*) is surjective. 
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